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This note studies a 2-variable VAR with one lag, using clean matrix notation and a transparent “likelihood ×
prior = posterior” paradiam

The purpose is not to teach VARs per se, but to give one a minimal multivariate example that makes the
Bayesian step feel immediate once one understands the likelihood.

Let

A VAR(1) is

where

 is an intercept,
 is the lag-1 coefficient matrix,
 is the covariance matrix of shocks.

Define the parameter vector (conceptually)

Two important references

A simple 2-variable VAR(1) that explain the DSGE
“likelihood → Bayes” bridge

1. Model: a 2-variable VAR with one lag
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Stack the data for :

Build the regressor matrix

and collect coefficients into

Then the VAR is simply

meaning each row  is i.i.d. .

Conditional on  and parameters , the likelihood is

Equivalently, in stacked form:

Connection to DSGE (L7Slides_tz.pdf):

θ ≡ (c, A, Σ).

2. Regression form (so the likelihood is obvious)
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3. Likelihood (no Kalman filter needed here, but same logic)
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DSGE vs VAR: what is the same, what is different).
In a DSGE, we write  conceptually, but use the Kalman filter to compute the forecast error

 and its covariance matrix , which together deliver the likelihood .
In a VAR, the likelihood is explicit and can be written down directly.
Once the likelihood  is obtained, Bayesian estimation proceeds in exactly the same way in both
cases: the posterior is proportional to likelihood times prior,

Bayes’ rule is:

Two essential points:

1. Bayesian estimation does not avoid the likelihood.
It uses the same likelihood as the maximum likelihood approach (in DSGE, computed via the Kalman
filter), then multiplies by the prior.

2. The advantage is not “easier computation.”
The advantage is that the prior can regularize weak identification and deliver a disciplined
representation of uncertainty.

A standard conjugate prior is:

Normal prior for the vectorized coefficient matrix conditional on :

where:

 collects the VAR coefficients,
 is the prior mean matrix,
 controls prior tightness across regressors,

 is the covariance matrix of shocks,
 denotes the Kronecker product.

The prior for the shock covariance matrix:
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4. The bridge into Bayes: posterior is likelihood × prior

p(θ| ) ∝ L( |θ) p(θ).y1:T y1:T

5. A popular conjugate prior for a VAR (so one can show
“posterior is the same family”)
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where:

 is the prior scale matrix,
 is the prior degrees of freedom.

Under this conjugate prior, the posterior is again matrix-normal and inverse-Wishart, with parameters:

Posterior mean:

This is the exact multivariate “weighted average” intuition:

 and  are the data moments (OLS information).
 and  are the prior moments (prior information).

 is the precision-weighted combination of prior and data.

Extrem cases:

If  (diffuse prior), then  (OLS / ML).
If  is very large (tight prior), then  is pulled strongly toward .

Posterior covariance (this is where  enters):

In vectorized form:

Conditional on data  and integrating out , the posterior distribution is
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6. Posterior (closed form) and the key intuition

6.1. Posterior for B|Σ
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6.2. Posterior for  (definition and interpretation)Σ

Posterior distribution
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with updated parameters  defined below.

Each observation contributes one additional degree of freedom to the posterior:

The parameter  controls how informative and concentrated the distribution is.

A larger value of  means the posterior distribution of  is tighter (more concentrated).
As  increases (typically with the sample size, since ), posterior uncertainty about $\Sigma
decreases.
In the limit  (and thus ), posterior uncertainty about  collapses.

Updated scale matrix:

First define the residuals evaluated at the posterior mean of :

Then the posterior scale matrix is

The posterior scale matrix  has three components:

Prior component: , encoding prior beliefs about shock volatility.

Data component: , the sum of squared residuals from the fitted VAR.
Shrinkage adjustment: , measuring how far the posterior mean  moved
from the prior mean .

In a VAR, weak identification often means:

the regressors in  are nearly collinear,
or the sample is short,
so  is ill-conditioned and OLS is unstable.

Then the Bayesian posterior mean
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7. The “weak identification” case in this VAR example
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remains well-behaved because  acts like regularization (a disciplined stabilizer).

This mirrors DSGE practice: when the likelihood is flat or multi-modal in some directions (the case of weak
identification), a sensible prior keeps inference in economically plausible regions.

The Bayesian value is that the prior regularizes weak identification and delivers coherent uncertainty.
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