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Structural vector autoregressions (SVARs) are widely used for policy analysis and to provide
stylized facts for dynamic stochastic general equilibrium (DSGE) models; yet no workable rank
conditions to ascertain whether an SVAR is globally identified have been established. Moreover, when
nonlinear identifying restrictions are used, no efficient algorithms exist for small-sample estimation and
inference. This paper makes four contributions towards filling these important gaps in the literature. First,
we establish general rank conditions for global identification of both identified and exactly identified
models. These rank conditions are sufficient for general identification and are necessary and sufficient
for exact identification. Second, we show that these conditions can be easily implemented and that
they apply to a wide class of identifying restrictions, including linear and certain nonlinear restrictions.
Third, we show that the rank condition for exactly identified models amounts to a straightforward
counting exercise. Fourth, we develop efficient algorithms for small-sample estimation and inference,
especially for SVARs with nonlinear restrictions.

1. INTRODUCTION

Since the seminal work by Sims (1980), identification of structural vector autoregressions
(SVARs) has been an unresolved theoretical issue. Filling this theoretical gap is of vital
importance because impulse responses based on SVARs have been widely used for policy
analysis and to provide stylized facts for dynamic stochastic general equilibrium (DSGE)

models (see, for example, Gali, 1999; Smets and Wouters, 2003; Fernidndez-Villaverde and
Rubio-Ramirez, 2004; Christiano et al., 2005; Sims and Zha, 2006a).

Drawing inferences from the reduced-form representation that summarizes the sampling
information in the data set back to the underlying structural parameters in the SVAR is the root
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of the identification problem. In general, making such inferences is impossible, as the reduced-
form representation does not give sufficient information to pin down the structural parameters.
Therefore, econometricians rely on economic arguments to come up with additional a priori
restrictions, which are called “identifying restrictions”.

Consider a simple one-lag SVAR studied by Leeper et al. (1996):

anAlog Pe; +az Ry =ci +bi1Alog Pe sy + Dby AlogY,— + b3 1R + €14,
apA 10g PC’, +anA log Y, =c + bpA log Pc,t—l + bnA log Y1+ bR+ €215
ajzAlog Py +axzAlogY, +azR, = c3 + bizAlog Pe i1 + bysAlog Y,y + b3z Ri—1 + €3,

where a;;, c¢;, and b;; for i, j =1, 2,3 are nonzero coefficients; € ;s are uncorrelated random
shocks, each of which has an i.i.d. standard normal distribution; P, is the price index of
commodities, Y; output, and R, the nominal short-term interest rate. The first equation is the
monetary policy equation in which the interest rate responds sluggishly to output because the
data on output are unavailable within the period (Sims and Zha, 2006a). Monetary policy can,
however, respond to commodity prices, as the data on developments in commodity markets
are available daily. In addition, we impose an identifying restriction that monetary policy has
no long-run effect on output. This widely used restriction is based on the economic theory that
monetary policy has long-run neutrality. The second equation characterizes the behaviour of
finished-goods producers. Output responds to commodity prices instantly because commodities
are used as inputs in output production, but it responds sluggishly to changes in the interest rate
as argued in Christiano er al. (2005). Thus a contemporaneous exclusion restriction exists in
the second equation. There are no identifying restrictions on the third equation, as this equation
reflects the fact that commodity prices are set in active competitive markets and thus respond
to all disturbances in the economy (Sims and Zha, 2006a). By counting, we have a total of
three identifying restrictions.

Now consider an alternative model in which a shock in commodity markets has no long-
run effect on output, but monetary policy has a long-run effect on output to allow for the
possibility of non-neutrality. By counting, this alternative model has a total of three identifying
restrictions, the same number of restrictions as the previous model. The question is: Which
model in this example is globally identified?

The standard criterion for identification of SVARs is a necessary condition given by
Rothenberg (1971), called the “order condition”. The order condition is implemented by
simply counting the number of restrictions. For an SVAR to be identified, at least n(n — 1)/2
restrictions must exist, where n is the number of endogenous variables. In the previous
example in which n = 3, this condition is satisfied because the number of restrictions is exactly
n(n — 1)/2 = 3. Since Rothenberg’s (1971) condition is only necessary, the question is whether
the model is globally identified. Many authors have given sufficient conditions for global
identification in the framework of traditional simultaneous-equation models.! If a researcher
mechanically applies these conditions to the identification of SVARs, where the structural
covariance matrix is an identity matrix, the identification problem arises again. As argued by
Bekker and Pollock (1986) and Leeper ef al. (1996), linear restrictions on the covariance matrix
of shocks generally imply nonlinear restrictions on structural parameters.”> Therefore, checking

1. Rothenberg (1971) gives general sufficient conditions for global identification for certain types of restrictions
on traditional simultaneous-equation models; Dhrymes (1978), Hsiao (1983), and Dhrymes (1994), among others, give
other rank conditions for traditional simultaneous-equation models.

2. Exceptions can be found in Hausman and Taylor (1983) and Bekker and Pollock (1986), who show that
when a simultaneous-equation model has a recursive (or decomposable) structure, linear restrictions on the covariance
matrix lead to linear restrictions on structural parameters as well.
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whether an SVAR is globally identified is equivalent to checking whether a system of nonlinear
restrictions on the structural parameters has a unique solution, which is in general a difficult
problem.

Our approach to global identification of SVARs is different. By exploiting the structure
of orthogonal matrices, this alternative approach reduces the problem to counting the rank
of certain matrices; in some cases, it further reduces the problem to simply counting the
number of restrictions in each equation. Our approach applies to both linear restrictions such
as those in the above model and nonlinear restrictions such as those imposed on impulse
responses. In particular, we provide rank conditions for global identification of both identified
and exactly identified SVARs. We also provide a rank condition for partial identification. These
rank conditions are sufficient for general identification and are necessary and sufficient for exact
identification.

The existing sufficient rank conditions for identification of SVARSs, as discussed in Giannini
(1992) and Hamilton (1994, pp. 332-335), apply to local identification only, are mainly
designed to analyse linear restrictions on the structural parameters, and can only be numerically
verified at a particular point in the parameter space. In contrast, our sufficient condition extends
the work of Fisher (1966, Chapters 3 and 4), Hausman and Taylor (1983), and Bekker and
Pollock (1986) to global identification. Our theory applies not only to linear restrictions on
structural parameters but also to certain nonlinear restrictions on the structural parameters,
such as equality restrictions imposed directly on impulse responses. More importantly, we
establish that if our rank condition for global identification is satisfied at an arbitrary point in
the parameter space, it will be satisfied almost everywhere. This powerful result gives a simple
and efficient way to determine whether the model is globally identified in a large parameter
space.

Our necessary and sufficient condition for exact identification also works for both linear and
certain nonlinear restrictions, and is nothing more than the original Rothenberg (1971) order
condition plus our sufficient condition for identification. The necessary condition of Rothenberg
(1971) counts the total number of restrictions. Our necessary and sufficient condition not only
counts the number of restrictions but also requires that the restrictions follow a certain pattern,
equation by equation.

Because our theoretical results are new and different from those in standard textbooks, in
Section 5 we demonstrate how to apply our theorems to a number of SVARs widely used
in the literature to determine whether these SVARs are globally identified. In particular, we
show in Section 5.4 that the introductory SVAR discussed above is globally identified almost
everywhere, while the alternative model is not. We demonstrate, through these applications,
that our rank conditions can be implemented either as a straightforward exercise of checking
ranks of certain matrices or as a simple counting exercise.

Once the global identification issue has been resolved, the next task involves small-
sample estimation and inference of the model. For this purpose, both classical and Bayesian
methods often require repeated simulations of structural parameters. Such computation is quite
expensive, especially when time-varying SVARs are estimated (Uhlig, 1997; Canova and
Gambetti, 2004; Cogley and Sargent, 2005; Primiceri, 2005; Sims and Zha, 2006b; Gambetti
and Canova, 2008). To address this important issue, we use our theoretical results to derive
efficient algorithms for exactly identified models and for models identified with sign restrictions.
Obtaining accurate small-sample inferences for many relevant problems would be prohibitively
expensive and practically infeasible without these new methods. For example, these efficient
algorithms make it possible to estimate models with time-varying features and perform the
model comparison, as did Rubio-Ramirez et al. (2005).
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The rest of the paper is organized as follows: Section 2 presents a framework for SVARs.
Section 3 develops a general theory of global identification. Section 4 derives necessary and
sufficient conditions for exact identification. Section 5 shows how to apply our theory to some
widely used SVAR models, whose identifiability has not been formally established. Section
6 uses our theoretical results to derive efficient algorithms for small-sample estimation and
inference. Section 7 concludes.

2. THE FRAMEWORK

Our general framework is laid out as follows. In Section 2.1 we discuss a general class of
SVARs. In Section 2.2, following Rothenberg (1971), we define global and local identification
for this class of models. In Sections 2.3 and 2.4 we introduce and discuss a wide class of
identifying restrictions to which our theory applies; these restrictions encompass those in the
literature.

2.1. The structural model
The class of SVARs we study has the general form

P
y;A0=Zy;,lAe+c+e;, forl<:t<T, (1)
=1

where p is the lag length, 7' the sample size, y; an n x 1 vector of endogenous variables, &, an
n x 1 vector of exogenous structural shocks,? A, an n x n matrix of parameters for 0 < £ < p,
and ¢ is a 1 x n vector of parameters.*

The distribution of &;, conditional on past information, is Gaussian with mean zero and
covariance matrix I, the n x n identity matrix.> The initial conditions, Y0, - - -, Y1—p, are taken
as given. Let

Ay =[A] ... A, dJadx; =]y, ... ¥, 1]

for 1 <t <T. The dimension of Ay is m x n, where m = np + 1. The model (1) can be
written in compact form as

ViAo =X Ay + e 2)

The parameters of the structural model are (Ao, A ), and we assume that A is invertible.
We denote the set of all structural parameters by PS. The set PS is an open dense subset of
R +mn  The reduced-form representation implied by the structural model (2) is

r /
yt_XtB+ut’

where B :A+A_1, u = e;A_l, and Efluay] =% = (AOA{))_I. The parameters of the
reduced-form model are (B, X), where ¥ is a symmetric and positive definite matrix. We

3. In this paper, structural shocks are assumed to be fundamental with respect to the set of variables used for
estimation of the SVAR. A different type of identification issue, not addressed in this paper, relates to a choice of
variables to be included in the SVAR.

4. This analysis can be easily extended to include exogenous variables other than a constant.

5. Because only the first and second moments are used for identification, the important assumption is that the
reduced-form shocks ug = ;A ! form a family of distributions uniquely parameterized by their means and variances.

© 2009 The Review of Economic Studies Limited



RUBIO-RAMIREZ ET AL. IDENTIFICATION AND ALGORITHMS 669

denote the set of all reduced-form parameters by PR. The set PR is an nm +n(n + 1)/2
dimensional sub-manifold of R”"*"™” but can be mapped, using the Cholesky decomposition
of X, to an open subset of R+ +1)/2,

For future reference, define g : PS5 — PR by g(Ag,Ay) = (ALAy ! (AoAa)’l), which
defines the relationship between the structural and reduced-form parameters.

2.2. Identification

Following Rothenberg (1971), we state that two parameter points, (Ao, A;) and (Ao, A+),
are observationally equivalent if and only if they imply the same distribution of y, for
1 <t <T. For the linear Gaussian models of the type studied in this paper, this statement
is equivalent to saying that two parameter points are observationally equivalent if and only if
they have the same reduced-form representation (B, X). The structure of the function g defined
above shows that two parameters points (Ao, A1) and (1&0, A+) have the same reduced form
representation if and only if there is an orthogonal matrix P such that Ay = AoP and Ay =
A, P. Global and local identification is characterized in terms of observational equivalence as
follows:

Definition 1. A parameter point (Ag, A) is globally identified if and only if there is no
other parameter point that is observationally equivalent.

Definition 2. A parameter point (Ao, Ay) is locally identified if and only if there is an
open neighbourhood about (Ao, A) containing no other observationally equivalent parameter
point.

Because observational equivalence is the same as finding an orthogonal matrix P such that
Ay = AoP and A, = AP, the set of all n x n orthogonal matrices plays a central role in our
analysis. Following the usual convention, we denote the set of all n x n orthogonal matrices
by O(n).

2.3. Identifying restrictions

It is well known that an unrestricted SVAR is neither globally nor locally identified. To achieve
identification, therefore, we must restrict the structural parameters. In this section we formally
define a broad range of equality restrictions to which our identification theory will apply. These
restrictions include widely used linear and nonlinear restrictions studied in the SVAR literature.

Two main classes of equality restrictions are discussed in the literature. The first class
identifies the model’s structural parameters by imposing linear restrictions on (Ag, A ). This
class includes the triangular identification as described by Christiano et al. (1996) and the
non-triangular identification of Sims (1986), King et al. (1991), Gordon and Leeper (1994),
Bernanke and Mihov (1998), Zha (1999), and Sims and Zha (2006b).

The second class concerns nonlinear restrictions on the structural parameters and includes
restrictions imposed on impulse responses, such as short- and long-run restrictions studied
by Blanchard and Quah (1993) and Gali (1992). Although these restrictions are nonlinear on
the structural parameters, they are linear on the set of impulse responses. Consider long-run
impulse responses as an example. When the i-th variable of the structural model is in first
difference, the long-run impulse response of the i-th variable to the j-th shock is the element
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in row i and column j of ©

» —1
IR (Ag, Ay) = (A/O - ZA/[) ) (3)
=1

As one can see, long-run impulse responses are a nonlinear transformation of the underlying
structural parameters. Blanchard and Quah (1993) identify their two-variable model, imposing
the restriction that a demand shock has no long-run effect on output. This restriction is
equivalent to setting an appropriate element of IR, to zero.

In general, we impose linear restrictions on a transformation of the structural parameter
space into the set of & x n matrices for some k > 0. We denote the transformation by f(-) and
its domain by U C PS. In the above example, k = n and the domain is the set of all structural
parameters such that Aj; — > /| A} is invertible. Linear restrictions on the columns of the
transformed space can be represented by k x k matrices Q; for 1 < j <n. The parameters
(Ao, Ay) satisfy the identifying restrictions if and only if

Q;f(Ap, A )ej =0, for1 < j <n, “4)

where e¢; is the j-th column of the n x n identity matrix I,,. We denote the number of restrictions
on the j-th column by g;. Thus, the rank of Q; is g;, and the total number of restrictions is
Z';zl q; = q. Because the ordering of the columns of f(-) is completely arbitrary, we assume
without loss of generality that

Q=q>...>qy. )

This assumption allows a simpler statement of our results.

The transformation f(-) must satisfy certain conditions. The most important one is that
right multiplication by an orthogonal matrix must commute with the transformation. In the
above example, if P is orthogonal, then

P —1
IR, (AoP, A P) = <<AoP>’ -y (AZP)’)

=1
» -1
~1
- (Ag) - ZA@) (P)” =IRx (Ag, A;)P.
=1
We call transformations that have this property “admissible” ones, as formally defined below.

Condition 1. The transformation f(-), with the domain U, is admissible if and only if for
any P € O(n) and (Ag,A;) € U, f(AoP, ALP) = f(Ap, A4)P.

Other regularity conditions on f(-), required by various proofs of our theoretical results
(see the appendices), are given below.

Condition 2. The transformation f(-), with the domain U, is regular if and only if U is
open and f is continuously differentiable with ' (Ao, Ay) of rank kn for all (Ag, Ay) € U.

6. As Blanchard and Quah (1993) point out, if the i-th variable is in first differences and A(L)~! = Z;fo:o CiLF;
where A(L) = A, — ZLI A L', then the long run response of the i-th variable to the j-th shock is the element in
row i and column j of the matrix ) .-, Ci. Equation (3) follows by substituting L = 1 in A(L).

© 2009 The Review of Economic Studies Limited
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Condition 3. The transformation f(-), with the domain U, is strongly regular if and only
if it is regular and f(U) is dense in the set of k X n matrices.

To see how to check whether Conditions 2.3 and 2.3 are satisfied, consider the above
example represented by (3). In this example, k = n. The domain of IR, is the set of
all structural parameters such that Aj — Y7 | A} is invertible; therefore, this domain is an
open set. Because IRy, is the composition of the linear projection that projects (Ag, A;)
to Aj—Y.7_/ A} and the invertible function that maps a matrix to its inverse, IR is
continuously differentiable, and its derivative is of rank nk = n2. According to Condition
2.3, the transformation IR, is regular. Moreover, the image of IR, is equal to the set of all
invertible matrices and thus is dense. According to Condition 2.3, IR, is strongly regular.

For admissible transformations, it is important to note that the restrictions given by (4)
alone are insufficient for global identification. To see this point, suppose that D is any n x n
diagonal matrix with plus or minus ones along the diagonal. Such matrices are orthogonal
and thus commute with the transformation f(-). Since Dej = Le;, if (Ao, A;) satisfy (4),
then (AoD, A D) will also satisfy (4). The system is thus not identified. Consequently, one
must choose a normalization rule to determine the sign of each equation, as in standard
textbooks (e.g. Dhrymes, 1978, p. 284; Greene, 1993, p. 590). While a poor choice can distort
statistical inference of impulse responses (Waggoner and Zha, 2003; Hamilton er al., 2007),
the theory developed in this paper works for any choice of normalization. A general definition
of normalization is given below.

Definition 3. A normalization rule can be characterized by a set N C PS5 such that for
any structural parameter point (Ao, Ay) € P5, there exists a unique n x n diagonal matrix D
with plus or minus ones along the diagonal such that (AgD, A.D) € N.

The set N is the collection of normalized structural parameters. Throughout this paper
we assume that all SVAR models are normalized via some normalization rule N. Using the
transformation f(-), the sets U and N, and the matrices Q; for 1 < j < n, we are in a position
to specify the set of restricted parameters as

R ={(Ao, A1) e UNN|Q;f(Ao,Ar)ej=0for 1 < j <nj. (6)
If the transformation f(-) is admissible, regular, or strongly regular, then we say that the
restrictions given by (6) are admissible, regular, or strongly regular, respectively.
2.4. Examples of identifying restrictions

In the previous subsection, we have studied an example of restrictions on long-run impulse
responses and shown that they are admissible and strongly regular. In this subsection, we show
that the restrictions are admissible and strongly regular in other well-established examples.

Example 1. Linear restrictions on Ay or (Ao, Ay). For linear restrictions on the con-
temporaneous coefficient matrix Ay, f(-) is a projection onto Ay and hence f (Ao, A+) = Ao.
More generally, for linear restrictions on both contemporaneous and lagged (predetermined)
coefficients, the transformation f(-) is simply the following identity mapping:

Fasnan =[],

Clearly, such restrictions are admissible and strongly regular.

© 2009 The Review of Economic Studies Limited
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Example 2. Short-run restrictions on impulse responses. The impulse response of the i-th
variable to the j-th shock at horizon h corresponds to the element in row i and column j of
the following matrix:

/

IR, = (A;'JE"J)

where
AA" L, 0 I,
: Do 0
F= : : Co and J=
A,mA" 0 T :
APAJI 0O --- 0 0
Let f(-) be the transformation that maps (Ao, Ay) to [IR; ... IR;,]’. Clearly f(-) is

continuously differentiable, its domain is PS, and its image consists of all (n + m) x n matrices
for which the first n x n block is invertible. Clearly, the domain is open and the image is dense.
Showing that the function f(-) has a continuously differentiable inverse is not difficult, but it
is tedious. This result implies that the rank of the derivative of f(-) is (n +m)n. Thus, linear
restrictions on impulse responses are admissible and strongly regular.

Example 3. [f one wishes to have restrictions on the structural parameters and on both
short- and long-run impulse responses, one can combine the transformations described above.
Such a combination will always be admissible, and it will be strongly regular as long as the
rank of the derivative is kn. In Gali (1992), for example, identifying restrictions involve both
contemporaneous and long-run impulse responses. Here k = 2n and

IRy
f (AOv A+) - [IROO] .
In the example discussed in this paper’s introduction, n = 3, k = 2n = 6, and

Fanan =g |

Verifying that both transformations are admissible and strongly regular is a straightforward
exercise.

3. GLOBAL IDENTIFICATION

In this section we present our theory for global identification of SVARs with both linear and
certain nonlinear restrictions. In Section 3.1 we derive rank conditions that are sufficient for
global identification. In Section 3.2 we extend our results to partial identification. Finally, in
Section 3.3 we analyse identification almost everywhere.

3.1. A rank condition for global identification

We now develop a sufficient condition for global identification. This rank condition is very
general, and in Section 5 we show how to apply it to a number of widely used models in the
literature.

© 2009 The Review of Economic Studies Limited
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The following matrix is the key to the establishment of our rank condition. For 1 < j <n
and any k x n matrix X, we define M;(X) by

Qj k)x(n
Mj X) = | kxk 0
(et [m‘ ./x(n—./)]

We state and prove the following key theorem:

Theorem 1. Consider an SVAR with admissible restrictions represented by R. If
(Ao, Ay) € Rand M;(f (Ao, Ay)) is of rank n for 1 < j < n, then the SVAR is globally iden-
tified at the parameter point (Ag, Ay).

Proof. To prove the theorem, it suffices to show that if the SVAR is not identified at
(Ao, A), then there exists a j such that M;(f (Ao, A1)) is of rank strictly less than n. From
the discussion in Section 2.2 and the fact that a normalization is used, one can conclude that
if the SVAR is not identified at (Ag, A;), then there exists a P = (p; ;) € O(n) such that P
is not diagonal and (AgP, A4P) € R. Let j be the index of the first column of P that has a
non-zero off-diagonal element. We shall show that the rank of M;(f (Ao, A})) is strictly less
than n.

Let vj = Pej — p; jej, where ¢j is the j-th column of I,. Since vj # 0, to complete the
proof it suffices to show M;(f (Ao, Ay))v; = 0. Because both (Ag, Ay) and (AP, A, P) are
in R, Q; f(Ao, A;)vj = 0. Thus, the upper block of M;(f(Ag, Ay))vj is zero. Because P
is orthogonal and j is the index of the first column of P that has a non-zero off-diagonal
element, the first j — 1 elements of vj are zero, and the j-th element of vj is zero by
construction. This result implies that the lower block of M;(f (Ao, Ay))vj is also zero. Thus
M; (f (Ao, Ay))vj = 0 as required. ||

Since the ordering of columns of f(-) is arbitrary, and the condition in Theorem 1 may
be satisfied under one ordering but not under another, one might wish to experiment with all
possible orderings when using the rank condition. Choosing correct ordering, however, can
eliminate an unnecessary search and make it more efficient to check the rank condition. It can
be shown that, except for a set of measure zero in P, our ordering convention given by (5)
will produce M; (f (Ao, Ay)) of rank n for 1 < j < n if there is any ordering of the columns
such that M;(f (Ao, Ay)) is of rank n for 1 < j < n.

3.2. Partial identification

Instead of identifying the entire system, researchers are sometimes interested in identifying
only a single equation or a subset of equations in the system.” The theoretical results in the
previous subsection can be extended to this partial-identification case. We begin with a formal
definition of partial identification for SVAR models.

Definition 4.  The j-th equation is globally identified at the parameter point (Ao, A;) € R
if and only if there does not exist another observationally equivalent parameter point (Ao, Ay) €
R such that Agej # Aoej or A ej #= A ej, where e is the j-th column of the n x n identity
matrix.

7. We thank an anonymous referee for suggesting this important generalization.
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Global identification says that one cannot have distinct observationally equivalent parameter
points that satisfy the restrictions. Partial identification allows for observationally equivalent
parameter points that satisfy the restrictions, but these observationally equivalent parameter
points cannot differ in the j-th equation. A subset of equations is identified if each equation
in the subset is identified. The following theorem gives a sufficient rank condition for partial
identification.

Theorem 2. Consider an SVAR with admissible restrictions represented by R. For
(Ao, Ay) € R, if Mi(f (Ao, Ay)) is of rank n for 1 <i < j, then the j-th equation is globally
identified at the parameter point (Ag, A;).

Proof. The proof follows directly from the proof of Theorem 1. ||

As in Theorem 1, the condition in Theorem 2 may be satisfied under one ordering of the
equations but not under another. As mentioned above, checking the condition under our ordering
convention is sufficient for almost all structural parameters.

3.3. Global identification almost everywhere

In the SVAR literature, the existing rank conditions for local identification are (numerically)
checked at a particular parameter point. The chosen point is typically the estimate of the model
parameters. Knowing whether the model is identified at different points in the parameter space
prior to the estimation step is often important. Here, we develop two results to answer this
question. We begin with the definition of the set

K = {(AO,A+) € R| rank(Mj (f (AO,A+))) =nforl <j< n} @)

According to Theorem 1, if the restrictions are admissible, the model will be globally
identified on the set K. It can be easily shown that the set K is open. Thus, if the structural
parameter point (Ao, A1) € R satisfies the rank condition, then there exists a neighbourhood
around (Ag, A;) such that all the structural parameters within that neighbourhood satisfy the
rank condition. The implication of this result is that if the model is identified at the estimated
value of the structural parameters, there is no need to check if it is identified at nearby points.
The next theorem gives an even stronger result: if the restrictions are admissible and regular
and if the model is globally identified at any one point in the structural parameter space, then
the model is, in fact, globally identified almost everywhere.

Theorem 3. Consider an SVAR with admissible and regular restrictions represented by
R. Either K is empty or the complement of K in R is of measure zero in R.

Proof. 'The proof is provided in Appendix A. ||

This theorem demonstrates that one can randomly choose an element of R and then verify
the rank condition. If the rank condition is satisfied, we know that the model is globally
identified almost everywhere.

4. EXACT IDENTIFICATION

Since much of the SVAR literature involves exactly identified models, in this section we
show how our sufficient condition for global identification becomes a necessary and sufficient
condition for exact identification.
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4.1. Definition

We begin with a definition of exact identification.

Definition 5. Consider an SVAR with restrictions represented by R. The SVAR is exactly
identified if and only if, for almost any reduced-form parameter point (B, X), there exists a
unique structural parameter point (Ao, A1) € R such that g(Ag, Ay) = (B, X).

This definition differs slightly from that of Hamilton (1994, p. 250). The subtle difference
is crucial to understanding SVARs with non-triangular restrictions on Ag. Hamilton (1994, p.
250) defines exact identification by insisting that for any (not just for almost any) point in the
reduced-form parameter space, there exists a unique set of structural parameters that imply these
reduced-form parameters. The following theorem reveals that Hamilton’s definition precludes
all SVAR models with non-triangular restrictions on A, from being exactly identified. The
restrictions are triangular if there is a linear transformation of the variables and a permutation of
the equations such that the transformed contemporaneous matrix is always triangular. Triangular
restrictions, in a slightly more general context, will again be considered in Section 6.3.

Theorem 4. Consider an SVAR with restrictions represented by R. Let the transformation
f () be given by f(Ag, Ay) = Ag so that the SVAR is identified via linear restrictions on the
contemporaneous matrix Ag. If for every reduced-form parameter point (B, X) there exists
a unique structural parameter point (Ag, Ay) € R such that g(Ag, Ay) = (B, X), then the
restrictions on A are triangular.

Proof. The proof is provided in Appendix C. ||

Thus, Definition 4.1, not Hamilton’s (1994) original definition, is needed to allow for the
possibility that non-triangular models may be exactly identified.

4.2. Existence of a unique rotation matrix

Definition 4.1 deals with the reduced form parameters. The following theorem gives an
equivalent formulation of exact identification in terms of structural parameters.

Theorem 5. Consider an SVAR with restrictions represented by R. The SVAR is exactly
identified if and only if, for almost every structural parameter point (Ao, Ay) € U, there exists
a unique matrix P € O(n) such that (AoP, ALP) € R.

Proof.  The proof is provided in Appendix A. ||

Theorem 5 forms the basis of efficient classical and Bayesian small-sample methods for
estimation and inference. For an exactly identified SVAR, Theorem 5 states that there exists
a unique orthogonal matrix P such that (AgP, A, P) satisfies the restrictions for almost every
unrestricted structural parameter point (Ao, A, ). If one is able to draw unrestricted structural
parameters or reduced-form parameters, this result gives us a practical way to find the set
of structural parameters that satisfy the identifying restrictions. For each draw of unrestricted
structural parameters, one needs to find only an orthogonal matrix P that rotates the unrestricted
draw to the one that satisfies the restrictions.® If the original draw is from the reduced-form

8. This procedure applies to the maximum likelihood estimation as well. One first obtains a maximum likelihood
estimate of the parameters in an unidentified system and then uses P to rotate these parameters to get the estimate of
the structural parameters that satisfy the identifying restrictions.
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parameters (B, X), one can rotate the Cholesky decomposition of X to get a draw that satisfies
the restrictions. Building an efficient algorithm to find the needed orthogonal matrix P is a
difficult part of this procedure. In Section 6, we show that such an algorithm exists and, for
systems in which the restrictions on f(-) are triangular, we develop an even faster algorithm.

Why is this result important? Consider an exactly identified model with restrictions on
impulse responses. The existing methods in the literature typically solve a system of nonlinear
equations to find P. This traditional approach becomes very inefficient if a large number of
simulations is required to obtain accurate results for small-sample estimation and inference.
When time-varying SVARs are studied (Canova and Gambetti, 2004; Cogley and Sargent,
2005; Primiceri, 2005; Sims and Zha, 2006b), the traditional approach is practically infeasible
because the system of nonlinear equations would have to be solved for each possible state
of the structural parameters. In contrast, Theorem 7 implies that the restrictions for exactly
identified systems have a special structure that can be exploited to obtain an efficient method
for finding the orthogonal matrix P.

4.3. Rank conditions for exact identification

We are now able to develop rank conditions for exact identification. The well-known order
condition for exact identification implied by Rothenberg (1971) states that the total number of
restrictions must be equal to n(n — 1)/2. In the next theorem, we prove that if Rothenberg’s
(1971) order condition is satisfied, the sufficient condition in Theorem 1 becomes necessary as
well.

Theorem 6. Consider an SVAR with admissible and strongly regular restrictions repre-
sented by R. The SVAR is exactly identified if and only if the total number of restrictions is
equal to n(n — 1)/2 and the rank condition in Theorem 1 is satisfied for some (A, A;) € R.

Proof. The proof is provided in Appendix B. ||

In light of Theorem 3, Theorem 6 gives us a checkable necessary and sufficient condition
for exact identification. In what follows, we develop a more powerful condition that does not
require calculating the rank of any matrix but simply involves verifying whether the numbers
of restrictions satisfy a certain order.

Theorem 7. Consider an SVAR with admissible and strongly regular restrictions repre-
sented by R. The SVAR is exactly identified if and only if g =n — j for 1 < j <n.

Proof. The proof is provided in Appendix B. ||

The rank condition in Theorem 7 is a simple counting exercise. The necessary condition
of Rothenberg (1971) counts the total number of restrictions. Our necessary and sufficient
condition not only counts the number of restrictions but also requires that the restrictions
follow a certain equation-by-equation pattern.

4.4. Local vs. global identification

In this subsection we analyse a model that is locally identified but not globally identified.
The analysis is particularly insightful as it shows that the rank condition in the literature for
local identification does not provide any guidance as to whether or not the model is identified
globally.

© 2009 The Review of Economic Studies Limited



RUBIO-RAMIREZ ET AL. IDENTIFICATION AND ALGORITHMS 677

Consider the three-variable SVAR studied by Hausman and Taylor (1983) and Sims and
Zha (1999):°

aiyie +anyy = €1,
axnyx + azys = €,
a3y +asyy = €3,

where y;; for j =1, 2,3 is an endogenous variable, and the random shocks ¢ ;s are serially
uncorrelated and have an i.i.d. standard normal distribution. The contemporaneous coefficient
matrix for this model can be written as

air 0 a3
Ao = | az] ann 0 . (8)
0 ax az

Since there is only one restriction in each equation, q; = ¢» = g3 = 1. The model satisfies
Rothenberg’s (1971) order condition that the total number of restrictions equals n(n — 1)/2 = 3.
Furthermore, using the procedure outlined in Hamilton (1994, pp. 332-335), one can show
that the model is locally identified at the parameter point a;; =ax» =asz =1 and aj3 =
ar) = axp =219 According to Theorem 7, however, this model is not exactly identified at this
parameter point.

A natural question is whether this parameter point is so special that the model may still
be globally identified at other parameter points. A thorough analysis reveals that the space
of reduced-form parameters divides into three sets: a set of positive measure on which the
model is locally identified but not globally identified, a set of positive measure on which no
representation of structural parameters satisfies the restrictions, and a set of measure zero on
which the model is globally identified (see Rubio-Ramirez et al. (2008) for a formal proof of
this result). In summary, the model is locally identified at every structural parameter point in
the parameter space R, but it is not globally identified almost everywhere in R.

To see that the model is not identified at the parameter point a;; = ax = az3 = 1 and
a3 = ap; = azy = 2, consider the orthogonal matrix P

2/3  2/3 —1/3
P=|-1/3 2/3 2/3
2/3  —1/3 2/3

One can easily show that

2
Ag=AP =1
0

— N O

1
0
2

Thus, A, satisfies the restrictions and is observationally equivalent to Ag. This powerful
example shows how a structural model can be locally identified but nonetheless fails to be
globally identified; it highlights practical distinctions between local identification and global
identification.

9. Fubac et al. (2007) show that this SVAR can be derived directly from the three-variable forward-looking
New-Keynesian model studied by Cochrane (2006).

10. The rank condition for local identification in Hamilton (1994, pp. 332-335) can be numerically checked at any
parameter point that satisfies the identifying restrictions. Alternatively, one can use Rothenberg’s (1971) information
matrix to check if the model is locally identified at a particular parameter point, as suggested by Sargent (1976) and
recently employed by Iskrev (2007).
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5. APPLICATION

Since our theoretical results, particularly those concerning nonlinear restrictions, are new, we
demonstrate in this section how to apply our theory to a number of existing SVARs studied in
the literature. For most of these models, global identification has not been formally established.

5.1. A triangular SVAR

If the restrictions on A are triangular and no other restrictions exist, as in Eichenbaum and
Evans (1995) and Christiano et al. (1996), the model is exactly identified. Applying Theorem
7 becomes trivial.

5.2. A monetary SVAR

To identify the systematic monetary policy behaviour, Sims (1986), Gordon and Leeper (1994),
Bernanke and Mihov (1998), Leeper and Zha (2003), and Sims and Zha (2006b), among
others, propose identifying restrictions on (Ao, A;). Their approaches focus on an economic
interpretation of the parameters in structural equations themselves. In particular, they separate
the monetary policy equation from the money demand equation and other non-policy equations.
The restrictions require non-triangular relationships between financial variables such as the
interest rate and money.

The following A gives a particular example of restrictions on the contemporaneous
coefficients only:!!

PS PS MP MD Inf

logY ajy a2 0 ayy aps

_ log P 0 ann 0 ay4  dAls
Ao= "% 0 0 ax ay asxs |’ ©)

10g M 0 0 aqz  d4q4 Aa4s

log P. 0 0 0 0 ass

where the transformation function for this case is
f (Ao, Ay) = Ay.

The five variables in the model are log gross domestic product (GDP) (log Y), log
GDP deflator (log P), the nominal short-term interest rate (R), log M3 (log M), and log
commodity prices (log P.). The monetary policy (MP) column in (9) represents a central
bank’s contemporaneous behaviour; the information (Inf) column describes the commodity
(information) market; the MD column corresponds to the money demand equation; and the
block consisting of the first two columns represents the production sector (PS), whose variables
are arbitrarily ordered to be upper triangular. For this model, we have k =n = 5. To use

Theorem 1, we express the restriction matrices Q; for j =1,...,5 as
01 0 0 O 001 0O 1 o 0 0 O
0 0 0 0 00 0 1 0 0 1 0O 0 O
Q= 00 0 1 0 Q) = 00 0 0 1 Qs = O o0 0 o0 1 ,
O 0 0 O 1 00 0 0 O o o0 o0 o0 O
00 0 0 O 00 0 0 O o o0 o0 o0 O

11. For an example of identifying restrictions on the lagged structure, see Zha (1999).
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S SO
Q=100000| Q={0000°0
0000 0 0000 0
0000 0 0000 0

It follows from these Q;s that g =4, g =3, g3 =3, g4 =1, and g5 = 0; and the total
number of restrictions (Z;zl q;) is 11, greater than n(n — 1)/2 = 10. Therefore, according to
Rothenberg’s (1971) order condition, the model may be identified. Since Rothenberg’s condition
is only necessary, we apply the sufficient condition of Theorem 1 by filling the rank matrices
M;(f(Ag,Ay)) for j=1,...,5as

_ - 0 0 a3 axy aszs]
0 axn 0 ax axs 0 0 as as dss
0 0 azz az ass 00 0 0 ass
0 0 aq3 A4q4 Ags
Mi=[0 0 0 0 as5{,Mp=0 0 0 0 O |,
o 0 0 0 O 0 0 0 0 O
70 0 o o
(1 0 0 0 0 0100 0
_ i 0 0 0 0 ass] [0 0 0 0 0]
ayp aip 0 ais ags 00 0 0 0
0 axn 0 ax axs 0 0 0 0 O 0 0 00 O
0 0 0 0 ass 0 0 0 0 O 00 0 0 0
0000 0 000 0 0
0 0 0 0 O 1 0 0 0 0
L0 0 o o 1 00 0 O 01 0 0 0
01 0 0 O 001 0 0
1 0 0 O
00 1 0 0 001 0 0 00 0 1 0
~ - L0 0 0 1 0 ] 0O 0 0 0 1

Clearly, there exist values of the a;;s such that the rank of the matrix M;(f (Ao, Ay))
isn=>5"for j=1,...,5 (for example, take a;; = ay = a33 = ass = ass = ajs = 1 and all
other parameters to be zero). According to Theorems 1 and 3, the model is globally identified
for almost all structural parameters.

5.3. Restrictions on impulse responses

Imposing restrictions directly on impulse responses has become increasingly popular (Sims,
2005). To illustrate how to apply our theory to this type of nonlinear restrictions, we follow
Peersman and Smets (2003) and consider a four-variable SVAR with three contemporaneous and
three long-run restrictions on impulse responses. The four endogenous variables are quarterly
output growth (AlogY), quarterly inflation (A P), the nominal short-term interest rate (R),
and a quarterly change of the nominal exchange rate euro/dollar (Alog Ex). The short-run
restrictions on impulse responses are:

e Monetary policy shocks have no contemporaneous effect on output.
e Exchange rate shocks have no contemporaneous effect on output.
e Exchange rate shocks have no contemporaneous effect on the interest rate.

© 2009 The Review of Economic Studies Limited



680 REVIEW OF ECONOMIC STUDIES

TABLE 1
Restrictions implying that the model is identified

m
>

£
lav}
w)
1)

AlogY
Alog P
IR, R
IRoo] = AlogEx
AlogY
Alog P
R
Alog Ex

S (Ao, Ay) = [

X X X © X X X ©
X X X X X X X X
]

T 1
X X X © X ©oX ©
X X X © X X X X

TABLE 2
Restrictions implying that the model is only partially identified

Ex MP D S
AlogY [0 0 x x|
Alog P x x x 0
R 0 x x x
f(Ag,Ay) = [IIII:O] = Alog Ex X X X X
* AlogY 0 x 0 x
Alog P X X X X
R X X x X
AlogEx | x x x x|

The long-run restrictions on impulse responses are:

e Aggregate demand shocks have no long-run effect on output.
e Monetary policy shocks have no long-run effect on output.
e Exchange rate shocks have no long-run effect on output.

The transformation function and the identifying restrictions on the transformed parameters
are represented in Table 1. Along the top row of the table, “Ex” stands for a shock to the
exchange rate market; “MP” stands for a monetary policy shock; “D” stands for a demand
shock; and “S” stands for a supply shock. The symbol “x”” means that no restriction is imposed,
and “0” means an exclusion restriction.

From this table one can see that n =4, k=2n =8, ¢1 =3, ¢ =2, g3 =1, and g4 = 0.
The total number of restrictions (ij 1 g;)isequal ton(n — 1)/2 = 6 and Rothenberg’s (1971)
order condition for exact identification holds. Because g; =n — j for j =1, ..., 4, this model
is exactly identified according to Theorem 7.

Now consider an alternative identification in which supply shocks have no contemporaneous
effect on inflation because of the price stickiness, and monetary policy shocks may have a long
run effect on output because of the non-neutrality in money. This alternative identification
implies the set of restrictions on f(Ag, Ay) represented in Table 2.

For this alternative set of restrictions, the total number of restrictions is still equal to 6,
and therefore Rothenberg’s (1971) order condition for exact identification holds. But it is
easy to see from Theorem 7 that the model is now not exactly identified because g; = 3 and

@=q3=qs=1.
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Is the model partially identified? To address this question, we express the restriction matrices
Q; and the rank matrices M;(f (Ao, Ay)) for j =1,...,4 as

1 0 0 0O
0 01 0O
0 0 0 01
Q]ZOOOOO
00 0 0 O
0 00 0O
0 00 0O
|00 0 00
0 0 0 0 1
0 00 0O
0 00 0O
Q3=00000
00 0 0O
00 0 0 O
0 00 0O
|00 0 00
0 O

0 x

0 x

0 O
M;=|0 0
0 O

0 O

0 O

| 10
0 x

0 O

0 O

0 O

0 O
M;=| 0 O
0 O

0 O

1 0

0 1
0 0

)

CoO00C0COoCCIO CO0O0O0 00

cCioocococoioX X

—c o oocco0o0co0o:o

o

e E=R=R=R=R=R=-RE==R=R=Rk=E=RE=E=]

0

Coco0CO0O0CIO CO0O0O0 0O

X X

X croococoo:X

cooc-cocoococococ o

, Q=

, Q=

g
Il

foocococooco:o

CoO00C0CCOoIO OO0 OC OO

1

O =

X

0

cococoocococo:

co

0

— cocoocococoo-

cocoococococo-

—oc:o00c000OoO:O

co—~oc:cococoocooco:

X

CocoCcOoCO0CCIO cCO0O0O0OoO:O

X CO0CO0O0CO0CO0 IO CCCcCOoOoOO:O

x coiococococooo

c—~ocooc:occooc0oC

eR=R=R=R=R=R=-RE==lk=R=k=k=E=R=RE=

—FC 00 00000000 OO0 000000

CoOO000COoIO OO0 OO:O
S S S N R - - i S )
L

| OO0 O0O0:I0 OO0 O00O:O

X

These matrices show that although the rank of M; (f (Ao, A)) is 4 for j = 1, 3, 4 at almost any
parameter point, the rank of M>(f (Ao, A+)) is always 3. Therefore, one can use an analysis
similar to that in Section 4.4 to show that the second, third, and fourth equations are not
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identified. The system, however, is partially identified because applying Theorem 2 to this case
leads to the conclusion that the first equation is identified.

5.4. A combination of linear and nonlinear restrictions

We now return to the simple SVAR discussed in the introduction to check whether it is globally
identified. The model involves two linear restrictions on the contemporaneous coefficient matrix
Ay and one nonlinear restriction that imposes on the long-run impulse response of output to a
monetary policy shock. These restrictions can be expressed as

MP P 1
Alog PC ayy dpp aps
A A IOg Y 0 ajy dadys
fAg,AY) = [IRO :| = R az; 0 as;
e Alog P, X X X

AlogY 0 X X

R X X X

Along the top row of the above identification matrix, “MP” stands for a shock to monetary
policy, “P” stands for a shock to output production, and “I”’ stands for a shock to the information
equation reflecting commodity markets. The symbol “x” means that no restriction is imposed
on the long-run response, and “0” means an exclusion restriction. In this case, one can see that
n=3k=2n=6,q =2, gop =1, and g3 = 0. The total number of restrictions (Z§=1 q;)
is equal to n(n — 1)/2 = 3, and Rothenberg’s (1971) order condition for exact identification
holds. Because g; =n — j for j=1,...,3, this model is exactly identified according to
Theorem 7.

Now consider an alternative identification in which a shock in commodity markets has no
long-run effect on output, but monetary policy has a long-run effect on output (i.e. we allow
for a possible non-neutrality result). This alternative identification implies the following set of
restrictions:

MP P I
Alog PC ayp dpp ais
A IOg Y 0 dzy A3
A }

f (Ao, Ay) = |:IR = R az; 0 as;
o Alog P, X X X

AlogY x x 0

R X X X

In this case, n =3,k = 2n =6, q; = g2 = g3 = 1. As in the case discussed in Section 4.4, one
can show that the model is locally identified, but not identified (in the global sense) according
to Theorem 7.

6. ALGORITHMS FOR ESTIMATION AND SMALL-SAMPLE INFERENCE

In Sections 2 and 4 we develop a general theory for global identification of SVARs. In Section
5, we apply our theory to a number of widely used models and show that slight modifications
in the restrictions may render the model unidentifiable.

Once global identification has been established, the next step is to perform small-sample
estimation and inference. For the maximum likelihood estimate or the posterior estimate when a
prior is used, the existing estimation method for SVARs with restrictions on impulse responses
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is inefficient. This inefficiency is more serious for small-sample inference because classical
bootstrap procedures or Bayesian Monte Carlo Markov Chain (MCMC) methods require
expensive random samples of the structural parameters (Kilian, 1998; Geweke, 1999; Inoue
and Kilian, 2002; Geweke, 2005; Pesavento and Rossi, 2006). This problem becomes critical
when time-varying SVARs are studied (Uhlig, 1997; Canova and Gambetti, 2004; Cogley and
Sargent, 2005; Primiceri, 2005; Sims and Zha, 2006b; Gambetti and Canova, 2008). Consider
an exactly identified model with drifting parameters and with restrictions directly imposed on
impulse responses. The traditional method of Gali (1992) involves solving a system of nonlinear
equations for every draw of the parameters at each time 7. For a 12-lag model of more than
three variables, for instance, using this method to obtain the number of draws often required
to achieve accurate small-sample inferences quickly becomes computationally infeasible.

In what follows, we first build on Theorem 5 and develop an algorithm to achieve
computational efficiency for exactly identified models. We show that for a triangular system, an
even faster algorithm is feasible. Furthermore, we derive a computationally efficient algorithm
designed for sign restrictions. This algorithm improves considerably on the existing methods
and is important because sign restrictions have been widely used in the recent literature. Finally,
we describe a class of priors that allow us to use these algorithms in the Bayesian framework.

6.1. Algorithms for exactly identified models

Assume that the model is exactly identified. Theorem 5 tells us that for almost any value of
(Ap, A, ), there is a unique orthogonal matrix P such that (AoP, A P) satisfies the identifying
restrictions. The matrix P is sometimes called the rotation matrix. The core of our argument
is that, instead of solving a complicated system of nonlinear equations as in Gali (1992), we
can find the rotation matrix P in a very efficient manner, as shown in the algorithm developed
below. In this section we follow the convention that the transformation function f(-) has been
so chosen that rank(Q;) = ¢; =n — j for j =1,...,n as in Theorem 7.

Algorithm 1. Consider an exactly identified SVAR with admissible and strongly regular
restrictions represented by R. Let (Ao, Ay) be any value of the unrestricted structural
parameters.

(Step 1) Set j = 1.

(Step 2) Form the matrix

Q;f (Ao, Ay)
- P
Q . (10)
Py

Ifj=1 then Q; = Q;f (Ao, Ay).

(Step 3) There exists a unit vector p; such that ijj = 0 because rank(Q;) =n — j and
hence rank(Q,-) < n. Use the LU decomposition of Q,- to find this unit vector p;. The sign of
p; should be chosen to be consistent with the normalization rule.

(Step 4) If j = n, stop; otherwise, set j = j + 1 and go to Step 2.

For any structural parameter point (AgP, A P), the above algorithm produces an orthogonal
matrix

P=[p ... P
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such that (AgP, ALP) € R. Theorem 5 guarantees that P will be unique for almost all structural
parameters.

How does the algorithm work for small-sample estimation and inference? Suppose that one
wishes to find the maximum likelihood (ML) estimate (or the estimate at the posterior peak) of
the restricted model. Assume one is able to get the ML estimate (or the estimate at the posterior
peak) for the unrestricted structural parameters or the reduced-form parameters.'? Algorithm 1
provides us an orthogonal matrix P that rotates the unrestricted estimate to the estimate that
satisfies the identifying restrictions. If the original estimate is for the reduced-form parameters,
one can use Algorithm 1 to rotate the Cholesky decomposition of ¥ to get the estimate of
structural parameters that satisfy the restrictions.

Suppose now that one wishes to perform small-sample inference by using the bootstrap
procedure or the Bayesian MCMC method to construct confidence intervals of structural
parameters. Denote a draw of the unrestricted structural parameters by (Ao, A;). For such
a draw, one uses Algorithm 1 to find the rotation matrix P such that Q; f(AoP, A P)ej =0
forall 1 < j < n. If one makes a draw of the reduced-form parameters, one can obtain (Ag, A)
from the Cholesky decomposition of the reduced-form covariance matrix and proceed as just
described.

6.2. An example

To illustrate how Algorithm 1 works in practice, we present a simple example of finding the
rotation matrix P using Algorithm 1. For clarity of the exposition, we consider a simple three-
variable standard SVAR with one lag so that A, = Aj, the analysis of which can be easily
extended to more variables and more lags. The three variables are output growth (AlogY),
the interest rate (R), and inflation (A log P). The three identifying restrictions are that demand
shocks have no long-run effect on output, and that monetary policy shocks have neither a
short-run nor a long-run effect on output. These restrictions on impulse responses can be
expressed as the restrictions on the columns of the transformed matrix f(-). Table 3 presents
this transformation and the restrictions on the transformed parameters. In the table, the symbol
“x” indicates no restrictions, “0” indicates an exclusion restriction, “MP” stands for monetary
policy shocks, “D” stands for demand shocks, and “S” stands for supply shocks.

The first and foremost step is to determine whether this system is identified. From Table 3
one can see that n = 3, g, = 2, ¢» = 1, and g3 = 0. It follows from Theorem 7 that this system
is exactly identified. Therefore, for almost any value of (Ag, A ), there exists a unique rotation
matrix P such that the restrictions hold.

TABLE 3
Short- and long-run restrictions

AlogY

IR
o AlogY
R

0
R X

IR,
f(A07A+)=|: 0]= log P X
0
X
log P X

12. Such an estimate of the unrestricted structural parameters may not be unique, but it gives the same likelihood
or posterior value as other estimates at the peak of the likelihood or the posterior density.
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To show how to find such a rotation matrix using Algorithm 1, we express the restrictions
described by Table 3 in terms of the matrices Q;s as follows:

— O

Q= , Q= , and

cocoococo:o
coococo:o
cocoococo:o
cocoococo:

coococo:o
cocoococo:o

cococo:o~
cooco:oco
cocoococ:oco
cooco:oco
cocococ:oco

cococo:

Qs

Il
SO OO OO
eNeoNeBoNeNel
sNeoNeNoNeNe]
S o oo ool
oNeNeBoNelel
oNeNeBoNelel

By deleting the rows of zeros from the above Q;s, we have
— 1 000 0O =
Q1=|:OOOIOO]aHszz[OOOIOO].

Since all the rows in Qs are zeros, there is no Q5. Working with Q/ is operationally easier
than working with Q;, since Q ; in Algorithm 1 derived from Q ; will always be an (n — 1) x n
matrix.

For the purpose of walking through Algorithm 1, suppose that the estimates of the reduced-
form parameters B and X are

05 —-125 -1 1 05 1
B=]05 025 0 and Y=105 425 25
0 0 0.5 1 25 3

We compute Ay from the Cholesky decomposition of £~! (in Matlab, Ay = chol(Z 7)),
and Ay = BA,. Since IR, = Aal and IR, = (A9 — A)~!, we have

I 00

05 2 0

CTIReT |11
-1 1 0

0 0 2

and

o - man=|} | ol

13. Since the only difference between Q; and 6_,- is rows of zeros, Q;f(AoP,A P)ej=0 and
6/ f(AoP, A, P)ej =0 are equivalent statements. In many applications, it is obvious how to form Gj, but one
can always use the Matlab function orth() and define 6/] = orth(Q’j).
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The first step in Algorithm 1 is to find a unit length vector p; such that Q 1P1 = 0. The most
computationally efficient method of finding this vector is to employ the LU decomposition
of Q;. However, employing the QR decomposition of Q’l is often more convenient.'"* Let
~’1 = QT, where Q is orthogonal and T is upper triangular. If we choose p; to be the last
row of Q, then lel will be the last column of T’, which is zero. Therefore, in this example
p;=[0 0 1]

To obtain p,, we form

= [QufAp,Ap)] 1 1 0
Q=% Q)= o 1]

As before, take p» to be the last row of the orthogonal component of the QR decomposition

of Q) to get p, = [-0.7071 0.7071 0].
To obtain p3, we form

s — p, | [ © 0 1
*TLlp, | (07071 —07071 0]

Again, letting p3 be the last row of the orthogonal component of the QR decomposition of
L, we get py =[-0.7071 —0.7071 0]
Combining these results, one obtains the orthogonal matrix

0 —0.7071 —0.7071
P=[p, p p3]=|0 07071 —0.7071
1 0 0

Verifying that Q; f(AoP, A;P)ej = 0 for 1 < j < 3 is a simple process.

6.3. Algorithms for triangular systems

While Algorithm 1 gives us an efficient way to find the rotation matrix P for exactly identified
models, in this section we present a much faster algorithm for triangular systems, which are
defined as follows:

Definition 6. Consider an SVAR with admissible restrictions represented by R. The system
is triangular if and only if there exists a n x n permutation matrix Py and an invertible k x k
matrix Py such that the structural parameter point (Ag, A ) satisfies the restriction if and only
if P1 f (Ao, Ay)Py is lower triangular.

This definition is equivalent to the one discussed in Section 4 in the context of linear
restrictions on the contemporaneous coefficient matrix Ag. If the columns of (Ag, A1) have
been ordered according to the convention given by (5), then Py will be the matrix with ones
along the anti-diagonal. Multiplication on the right by this matrix has the effect of reversing
the ordering of columns. For a triangular system, Algorithm 1 can be so improved that the

14. In Matlab, the function gr(-) applied to an n x (n — 1) matrix returns an n X n orthogonal matrix Q and
an n X (n — 1) upper triangular matrix R. In other software packages, however, the “orthogonal” matrix Q may be
n x (n — 1) and the triangular matrix R may be (n — 1) x (n — 1). If those packages are used, one needs to pad the
matrix Q ; with a row of zeros before proceeding further. In either case, the last row of R will be zero.
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orthogonal matrix given by Theorem 5 can be found using only a single (instead of successive)
QR decomposition as described in the following theorem.

Theorem 8. Consider an exactly identified triangular SVAR with admissible and strongly
regular restrictions represented by R. Let Py and Py be the matrices that make the restrictions
triangular and let (A, Ay) be any structural parameter point. If (Py f (Ao, A1) = QT, where
Q is an orthogonal matrix and T is upper triangular, then P = QP is the orthogonal matrix
such that (AoP, A, P) € R.

Proof. Since Pi f(Ag,Ay) = T'Q,

T =P, f (Ao, A1)QP,P
=P, f(AoQPy, AL QP)Py.

Since T’ is lower triangular, (A¢QP;, AL QP;) must satisfy the restrictions. ||

In the example of Section 6.2, the restrictions are exclusion restrictions, i.e. certain
parameters are set to zero. For exclusion restrictions, the system will be triangular if and
only if permutations of the rows and columns make the system lower triangular. If we define

[eReoNeNeN "
SO O —= OO
SO~ O OO

[eleNele
SO = O O OO
- o O o oo

0

then Py and P; permute the rows and columns of the example of Section 6.2 into a triangular
system. Thus, we can apply Theorem 8 to find the rotation matrix P. As an illustration, we
use the same values of the reduced-form parameters B and X as in Section 6.2. The numerical
value of the matrix f(Ag, Ay) is given by (11). The QR decomposition of (Pyf(Ag, Ay))
gives

-0.7071 —-0.7071 0
Q=1|-0.7071 0.7071 O
0 0 1

The required rotation matrix is

0 —0.7071 —0.7071
P=QP,=|0 07071 —0.7071],
1 0 0

which is identical to the P obtained in Section 6.2.

6.4. Sign restrictions

The identifying restrictions described in Section 2.3 and the algorithms developed in Sections
6.1 and 6.3 are based on equality restrictions on the transformed structural parameters. One
objective in studying this class of restrictions is to identify structural shocks. For example,
according to the conventional wisdom (and many DSGE models), a contractionary monetary
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policy shock should raise the interest rate and lower output and prices. Thus, a successful
identification should produce impulse responses that conform to this conventional wisdom.
Some identification schemes as described in Section 2.3 may not generate impulse responses
that have the desired signs. In this situation, Faust (1998), Canova and De Nicol6 (2002),
and Uhlig (2005) propose an alternative approach. Their basic idea is to use sign restrictions
imposed directly on impulse responses. For example, the interest rate rises while money, output,
and prices fall in response to a contractionary monetary shock.

Unfortunately, the algorithms established in Sections 6.1 and 6.3 cannot be applied to
small-sample estimation and inference of an SVAR with sign restrictions because an SVAR
with sign restrictions on impulse responses is not even locally identified. For any set of sign
restrictions, given a parameter point (Ao, A;) that satisfies such restrictions, there always
exists an orthogonal matrix P, arbitrarily close to an identity matrix, such that (AoP, AL P) will
also satisfy the sign restrictions.'> Given the fact that an SVAR with only sign restrictions is
not identified, one important task is to find a set of impulse responses that satisfy the same
sign restrictions (Fry and Pagan, 2007). This task is computationally intensive and amounts to
finding a set of Ps such that (AoP, A, P) satisfies the sign restrictions.

Canova and DeNicol6 (2002) propose an algorithm based on grid search to find such
a P. This algorithm, however, becomes computationally infeasible when an SVAR system is
moderately large (e.g. n > 4). To solve this inefficiency problem, we develop a new algorithm,
based on the following theorem:

Theorem 9. Let X be an n X n random matrix with each element having an independent
standard normal distribution. Let X = QR be the QR decomposition of X with the diagonal of
R normalized to be positive. Then Q has the uniform (or Haar) distribution.

Proof. The proof follows directly from Stewart (1980).'¢ ||

Theorem 9 gives us a convenient way of implementing a random selection of orthogonal
matrices to obtain impulse responses that satisfy the sign restrictions. The following algorithm
describes this implementation.

Algorithm 2. Let (Ao, Ay) be any given value of the unrestricted structural parameters.

(Step 1) Draw an independent standard normal n x n matrix X and let X = QR be the QR
decomposition of X with the diagonal of R normalized to be positive.

(Step 2) Let P = Q and generate impulse responses from AP and B = A+Aal.

(Step 3) If these impulse responses do not satisfy the sign restrictions, return to Step 1.

If (Ap, A4) is a draw of unrestricted parameters, (AP, A P) obtained via Algorithm 2 is
a draw of structural parameters satisfying the sign restrictions.!” If B and X are a draw of the
reduced-form parameters, we use B and the Cholesky decomposition of X to obtain (Ag, Ay)
and then use Algorithm 2 to obtain (AgP, A, P) that satisfies the sign restrictions.

15. This point is not new and has been made by, for example, Geweke (1986) in the context of inequality
restrictions in linear regression models.

16. Stewart (1980) has even more efficient algorithms for generating uniform random orthogonal matrices, but
they are less straightforward and more difficult to implement.

17. In theory the algorithm is not guaranteed to terminate. In practice, we set a maximum number of iterations
to be 100,000 for Steps 2-3 to be repeated. If the maximum is reached, the algorithm should move to Step (1) to
draw another orthogonal matrix Q.
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Algorithm 2 describes how to randomly search for a rotation matrix P for a given value
of (Ag, A;) or (B, X). If one repeats Steps 1-3 to generate draws of P for the given value of
(Ap, A;) or (B, X), one effectively obtains a set of Ps such that (AgP, A P) satisfies the sign
restrictions.

An even greater efficiency gain can be obtained by realizing that changing the sign of any
column of the obtained orthogonal matrix P results in another orthogonal matrix. In Step 3, if
all the impulse responses generated by AgP and B have wrong signs, one could simply change
the sign of the j-th column of P. The impulse responses generated with this new rotation matrix
would satisfy the sign restrictions. This sign change would increase the algorithm’s efficiency
by a factor of 2.8

Our algorithm should be viewed as a generalization of Uhlig’s (2005) algorithm. If several
structural shocks must be identified, Uhlig’s (2005) algorithm searches for the orthogonal matrix
column by column recursively. During this search, the orthogonal matrix may not be found for
some draws of (B, X). Our algorithm, based on the Householder-transformation methodology,
differs from Uhlig’s (2005) algorithm in two aspects: (1) all the draws of (B, X) are kept in
practice, and (2) for a given value of (B, X), the orthogonal matrix is a random draw from the
uniform (or Haar) distribution with only a single operation of the QR decomposition. These
differences make our algorithm more efficient when several shocks are to be identified. In
particular, for a time-varying SVAR system with more than three or four structural shocks to
be identified, the efficiency gain can be as high as the 10-1 ratio when our algorithm is compared
with the algorithms of Uhlig (2005) and Canova and DeNicol6 (2002) (see, for example, Benati
and Mumtaz (2006) for an application of our algorithm in their DSGE model)."°

6.5. A reference prior

Sections 6.1, 6.3, and 6.4 develop new algorithms usable for small-sample estimation and
inference in a large class of SVARs. In the Bayesian framework, an additional property for
the prior is needed. If P is an orthogonal matrix, the transformed parameters (AgP, A P) must
have the same prior density as the original parameters (Ao, A;). This property ensures that
our algorithms are valid for Bayesian estimation and inference as well as for computation of
the marginal data density for model comparison.?’

In this subsection, we show that the reference prior of Sims and Zha (1998) is such that
(Ao, Ay) and (ApP, AL P) have the same prior density. The Sims and Zha prior is general and
encompasses the popular Minnesota prior. Let ag = vec(Ag) and a; = vec(A;). The prior
distribution for the unrestricted parameters takes the following form:

ao~ N(0,I, ® Hy), (12)

and
ai |ag ~ N(vec(SAp), 1, ® H,), (13)

where Hy and H. are symmetric positive definite matrices and S is typically set as

I
nxn
0
mxn

to represent a random-walk component of the prior.

18. We thank an anonymous referee for drawing our attention to this point.

19. Note that since the particular application studied by Uhlig (2005) concerns a monetary policy shock and not
any other shocks, the efficiency gain from our algorithm is negligible in this application.

20. We thank an anonymous referee for bringing out this important point.
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Because vec(AgP) = (P’ ® I,)Ag, vec(SAoP) = (P’ ® I,)vec(SA¢), vec(A P) =P’ ®
I)A,, and P’ ® I, commutes with both I, ® Hy and I, ® H,, if P is orthogonal, then (12)
and (13) imply that the prior density of (Ag, Ay) is equal to the prior density of (AoP, AL P).
Since an orthogonal rotation of (Ag, A;) does not change the likelihood, it is also the case
that the posterior density of (Ag, A;) is equal to the posterior density of (AgP, AP).

The proper prior we have discussed thus far concerns the unrestricted structural parameters.
As shown in Geweke (1986), if an unrestricted model has a proper prior, then after imposing
identifying restrictions the prior is still proper. The posterior for the restricted model will be
proper as well.

7. CONCLUSION

SVARs are widely used for policy analysis and to provide stylized facts for economic theory.
Before one performs an empirical analysis with a particular SVAR, however, analysing the
model to ascertain its identifiability is essential. Otherwise, the empirical results would be
misleading.

In this paper, we establish general rank conditions for global identification of both identified
and exactly identified models. These conditions are sufficient for identification and necessary
and sufficient for exact identification; they can be checked via a simple matrix-filling and
rank-checking exercise.

The usual sufficient rank conditions for (local) identification in the literature involve
computing the rank of certain derivatives (Fisher, 1966; Rothenberg, 1971; Hausman and
Taylor, 1983). Because we are able to obtain much simpler conditions by exploiting the
orthogonal structure of the problem, we are not required to explicitly compute any derivatives.
For exactly identified SVARs, our necessary and sufficient condition involves counting the
number of restrictions and checking their pattern, an exercise no more complicated than
Rothenberg’s (1971) order condition.

Finally, the efficient algorithms developed in this paper provide essential tools for
researchers studying a variety of empirical SVARs.

APPENDIX A. PROOFS OF THEOREMS 3 AND 5

Throughout these appendices, we will need conditions that ensure that the image or the preimage of a set of
measure zero will be of measure zero. The following two lemmas will suffice for our purposes. These lemmas follow
from the inverse function theorem, Sard’s theorem, and the implicit function theorem. A statement of all of these can
be found in Spivak (1965).

Lemma 1. Let M| and M, be differentiable manifolds of the same dimension and let h be a continuously
differentiable function from M) to M. If E is a set of measure zero in My, then h(E) is of measure zero in M.

Lemma 2. Let M| be an i-dimensional differentiable manifold and M, a j-dimensional differentiable manifold
and let h be a continuously differentiable function from M, to M, whose derivative is of rank j for all x € M. If M,
is a differentiable submanifold of M, and E is a set of measure zero in Mz, then Ml = f’l(lljlz) is a differentiable
submanifold of My and h™'(E) is of measure zero in M 1.

Theorem 5 follows directly from Lemma 1.

Proof of Theorem 5.  Consider the function 4 from P¥ x O(n) to PS to which maps (B, X) x P to (TP, BTP),
where T is the unique lower triangular matrix with positive diagonal such that TT' = X~!. The matrix T can be

© 2009 The Review of Economic Studies Limited



RUBIO-RAMIREZ ET AL. IDENTIFICATION AND ALGORITHMS 691

obtained from the Cholesky decomposition of £~!. The function /4 is continuously differentiable with continuously
differentiable inverse. Define G by

{(B, %) € P | there is not a unique (Ag,A;) € R s.t. g (Ag, Ay) = (B, ):)} (14)
and G by
{(Aog, Ay) € U | there is not a unique P € O (n) s.t. (AgP, A P) € R}. (15)

Definition 4.1 states that an SVAR model is exactly identified if and only if G is of measure zero and Theorem
5 states that an SVAR is exactly identified if and only if G is of measure zero. Since G = h(é x O(n)) and
G x O(n) = h~'(G), Lemma 1 gives that G is of measure zero if and only if G x O (n) is of measure zero. Theorem
5 now follows from the fact that G x O (n) is of measure zero if and only if G is of measure zero. ||

Before proving Theorem 3, we develop more notation and prove an additional lemma. The notation will be used
through out these appendices. Because we allow quite general normalization rules, R may not be a differentiable
manifold. However, the set of un-normalized restricted structural parameters will be. We denote this set by R and

R={(A0,Ap) €U |Q;f (Ao, Ay)ej=0for 1 <j<n}. (16)
The set R will be equal to R N N. Related to R is the set R defined by
R={Xe f(U) |Q;Xej=0forl<j<n}. 17)

The set R is a open subset of a linear sub~space of the set of k x n matrices, f(R) = R, and f"(ﬁ) = R. The
dimension of R is nk — ¢q. Finally, define R by

R=f(R). (18)

When we say, as was done in Theorem 3, that a subset E of R is of measure zero in R, we take this to mean that E
is of measure zero in the manifold R.
The following lemma will be a key ingredient in the proof of Theorem 3.

Lemma 3. For 1< j <n, let V; be a linear subspace of R" and let V. = Vi x --- x V,,. Define S to be the
set of all (v, ...,v,) € V, whose span is of dimension strictly less than n. Either S =V or S is a set of measure zero
inV.

Proof. Let xg be the indicator function of S. To prove that S is of measure zero, it suffices to show that
fv xs = 0. We divide V| x --- x V,_; into two sets A and B. We will show that A is of measure zero and that
fvn Ks(Vi, ..y Va1, V) = O for every (vi,...,v,_1) € B. This implies that

/XS:/ / XS(Vlv---sVn—lsVn)
|4 VixxV,_1 JVn

:// Xs(V1,...,vn_1,vn)+// Xs (Vi, oo s V1, V) =0
AJVy B JVp
as desired.

We proceed by induction on n. When n =1, V =V}, and S = {0}. If the dimension of V is zero, then S =V,
and if the dimension of V is positive, then S is of measure zero in V.

Now assume that the lemma holds for n — 1. Suppose that S # V, so there exists (v, ..., V,) € V, whose span
is of dimension n. Define V,, to be the m — 1 dimensional subspace of R” that is perpendicular , and let p be the
projection mapping onto V,.For1 < Jj <n—1,define W; = p(V;) andlet W = Wy x --- x W,_y. Define S,_ to be
the elements of W whose span is of dimension less than n — 1. By the induction hypothesis, either S,_; = W or S,_;

is of measure zero in W. Since the span of p(Vy),..., p(V,—1) is of dimension n — 1, (p(V1), ..., p(V4—1)) & Sp—1
and S,—; # W. Thus, S,_| is of measure zero in W. Let A be the set of all (vi,...,v,—1) € V| x--- x V,_| such
that (p(vy), ..., p(V4,—1)) € S,_1. Because S, is of measure zero in W, A must be of measure zero in V, as desired.
All that remains to be shown is that fvn Xs(Vi, ..., Vu—1,v,) =0 for every (vq,...,v,_1) € B, where B is the

complement of A in Vj X -+- x V,_1.
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Fix (vi,...,V,—1) € B and let C be the span of vj,...,v,_;. The dimension of C is n— 1 because
(Vi,...,V,—1) € B, and hence xg(vi,...,V,—1,V,) # 0 if and only if v, € C. Thus, an Xs(Viy oo Vo1, v,) =0
if and only if V,, N C is of measure zero in V,. Since V,, N C is either all of V, or a set of measure zero in V,, it
suffices to show that there exists an element of V,, that is not in C. Again, since (vj,...,V,_;) € B, the vector v, is
notin C. ||

We are now ready to complete the proof of Theorem 3.

Proof of Theorem 3. Let W be the complement of K in R. In terms of W, Theorem 3 states that either W = R
or W is of measure zero in R. Let W = f(W). From the definition of K given by (7) one can easily check that
F~Y (W) = W. So, by Lemma 2, we have that if W is of measure zero in R, then W is of measure zero in R. Thus,
if suffices to prove that either W = R or W is of measure zero in R.

Let V be the set of all k x n matrices X such that Q,Xej =0for 1 <j <n,and let W; be the set of all matrices
X e V such that rank(M; (X)) <n.Since RC V and W = ﬂl | Wi N R, it suffices to show that either W, = V or
W is of measure zero in V. Because of the block structure of M; (), if X =[xq,...,Xp], then X € W if and only if
rank(Q;[Xit1, ..., Xn]) < n —i. The results now follow from Lemma 3 with V; deﬁned to be the set of all vectors
of the form Q;x where Q;;x =0. ||

From the proof of Theorem 3, it easily follows that if
K; = {(Ao.A}) € R | rank (M (f (Ao, A}))) =n}, (19)

then either K; is empty or the complement of K; in R is of measure zero in R. We record this in the following
lemma that will be used in Appendix B.

Lemma 4. Either K; is empty or the complement of K in R is of measure zero in R.

APPENDIX B. PROOFS OF THEOREMS 6 AND 7

We prove Theorem 7 first, and then Theorem 6. We proceed via a sequence of lemmas.

Lemma5. Ifgj=n—j for 1 <j<mn, then for every (Ag,Ay) € U, there exists a P € O(n) such that
(A()P, A+P) € R.

Proof.  Algorithm 1 explicitly shows how to construct such an orthogonal matrix P for any structural parameter
point (Ao, A). |

Lemma 6. Ifg; =n— jfor 1 < j <n, then there exists (Ao, Ay) € R such that M (Ao, A,) is of rank n for

I<j<n

Proof. In light of Lemma 4, it suffices to construct a matrix X; € R such that M; (X;) is of rank n. It follows

from Lemma 5 that & is non-empty, so let Y = [yi,...,y,] be any matrix in R. Let Y{ =[yi,...,y;]. The matrix
M;(Y) is of rank » if and only if the matrix Q;Y},, is of rank n —i. Let V; be the column space of Q;Y :{ If

the dimension of V; is j for 1 < j <n —i, then M;(Y) is of rank n. If this is not the case, let j be the first index
such that the dimension of V; is less than j. Because the dimension of V;_; is j — 1 and the dimension of the null
space of Q; is i, the dimension of the set of all vectors v € R" such that Q;v € V;_; is at most i + j — 1. Since the
dimension of the null space of Q;; is i + j, there is a non-zero vector v in the null space of Q;; such that Q;v is
not in V;_;. Because f(U) is an open set and Y € R, there exists & > 0 such that if we replace Yitj by Yiyj +ev,
then the resulting matrix will be an element of R and have the property that the dimension of the column space of
QilYis1s---Yitj—1,Yi+j + &v] will be of dimension j. So, starting with any Y € ﬁ, we can sequentially modify Y
until we arrive at a matrix x; € R such that M; (X;) is of rank n. |

Given these two lemmas, the following is now easy to show.

Lemma 7. Ifqg; =n— jfor1 < j <n, then the SVAR model is exactly identified.
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Proof. Let G be defined by (15), K by (7), and W by
W = {(Ag,A;) € R | there exists P € O(n) s.t. P #1, and (AoP, A.P) € R}

We must show that G is of measure zero. By Theorem 1, W is contained in the complement of K, and so by Lemma
6 and Theorem 3, W is of measure zero in R. Let 1 : R x O(n) — U be the continuously differentiable function
which maps (Ag, Ay) x P to (AgP, AL P). It follows from Lemma 5 that 2(W x O(n)) = G. Since W x O(n) is of
measure zero, by Lemma 1 the set G will be of measure zero. ||

One direction in the proof of Theorem 7 is now complete. The following lemma is key to proving the other
direction,

Lemma8. Leti <n <k IfVi,...,V; are subspaces of R* with the dimension of Viequaltod; for1 < j <i
and for all k x n matrices X there exist orthonormal vectors pi, ..., p; in R" such that Xp; € V; for 1 < j <, then

there exists a j such that | < j <iandd; > k —n +1i.

Before giving the formal proof of this lemma, we explain the geometry behind the result. Consider the case
i =n =k = 3. Since the implication of the lemma is that at least one of the subspaces must be all of R?, suppose
that each of subspaces V; is at most a plane. It is easy to see that there exists a line L in R? that intersects each V;
only at the origin. Let K be the plane through the origin that is perpendicular to L, and let Y be the 3 x 3 matrix
which projects R? onto K along L. While Y is not invertible, there are invertible matrices that are arbitrarily close
to Y. If X is an invertible matrix such that X~! is close to Y, then the subspace X’IVJ will almost lie in K. This
result depends crucially on the fact that L intersects V; only at the origin. Since three orthonormal vectors cannot
possibly lie almost in a plane, it cannot be the case that for all 3 x 3 matrices X there exist orthonormal vectors p;
such that p; € X! V;. Thus, the theorem holds for i =n = k = 3. The formal proof simply makes rigorous what is
geometrically intuitive in this special case.

Proof. The proof will use the following three facts:

1. For 0 < d <k, there exists a subspace U of RF of dimension d such that the dimension of of Vi N U is equal
to max{0,d +d; —k} for 1 < j <i.

2. Let W be a i — | dimensional subspace of R". There exists a § > 0 such that there cannot be i orthonormal
vectors in the set

Sws={w+ueR'|we W and |u] <5}.

3. Let U and V be subspaces of R” such that U NV = {0} and let W be the perpendicular complement of U.
For every ¢ > 0, let X . be the changed to matrix that fixes W and maps each u € U to eu. For every § > 0
there exists a y > 0 such that for all y > ¢ > 0 if X;vl,g" €V and ||v| =1, then v € Sy .

Using (1), we see that there exists a subspace U of R¥ of dimension n such that the dimension of V;NU is of
dimension d; = max{0, n +d; — k}. Let X be a k x n matrix whose column space if equal to U. Let

Vi={xeR"|Xxe V;}.

The dimension of \7j is d ;. and if Y is any n x n matrix, then there exist orthonormal vectors py, ..., p; in R” such
that XYp; € V;, or Yp; € Vj for 1 < j <i. If the lemma were true for n = k, then it would imply that there would
exist a j such that J,- > i. This would imply that n +d; —k > i or d; > k —n + i, so it suffices to prove the lemma
for n = k.

If n=k and d; <i for 1 < j <i, then (1) would imply that there exists a subspace U of R" of dimension
n—i+1suchthat V; N U = {0} for 1 < j <i.If W is the subspace of dimension i — 1 that is perpendicular to U,
then (3) would imply that for every § > 0, there exists an y; > 0 such that for all y; > & > 0 if X;Vl_sv € V; and
|lv] =1, then v € Sy s. But then (2) would contradict the fact that there must exist orthonormal vectors py, ..., p;
in R”" such that X;V%Epj eVjforl<j<i. Sod;>iforsome j as required by the lemma when n = k.

All that remains to be shown is (1), (2), and (3).

(1) Because dim(U + V;) = dim(U) + dim(V;) — dim(V; N U), (1) is equivalent to showing that there exists a
subspace U of dimension d such that

dim (U + V;) = min {dim (U) + dim (V) , k} . (20)
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When U is of dimension 0, (20) is trivially true. Assume that there exists a subspace U of dimension d — 1 for which
(20) holds. We construct a subspace U of dimension d for which (20) holds. For those j for which dim(U + V;) < k,
the subspace U + V; is of measure zero in RX. So, there exists a u ¢ U such that u ¢ U + V; for all j such that
dim(U + V;) < k. Define U to be the subspace spanned by U and u. For those j for which dim(U + V;) < k, we have
that dim(U + V;) =dim(U + V;) + 1, and for those j for which dim(U + V;) = k, we have that dim(U + Vi) =k.
Since dim(U) = dim(U) + 1, verifying that (20) holds for U is easy.

(2) Choose § < 1/ (iﬁ). Suppose there were vy, ..., Vj in Sy s that were orthonormal. Since the v; are in Sy s,
write vj = wj + du;j where wj € W, uj is perpendicular to W, and |luj]| < 1. Let X be the n x i matrix [wr, ..., w;],
let Y be the n x i matrix [vy,...,v;], and let Z be the n x i matrix [uy, ..., u;]. Because the w; are in W and the
u; are perpendicular to W, X'Z = 0, and Z'X = 0. Because the vj are orthonormal, Y'Y =1I;. So, I; = X'X + 527/7.
Because the wj are in a i — 1 dimensional space, the matrix X'X is singular, and there is a v € R’ of length one such
that v'X'Xv = 0. Because elements of Z and v are less than or equal to one in absolute value, each element of Zv is
less than or equal to i in absolute value. Thus 1 = v'v = 8227/ Zv < 82ni? < 1, which is a contradiction. Therefore,
tvi, ..., Vi in Sy s that are orthonormal cannot exist.

(3) If Claim (3) were not true, then there would exist a § > 0 and a sequence of v, and & such that the &, tend
to zero and X;V{”vl eV, |lvell =1, and vg ¢ Sw s. We can write vy = uy + wg, where uy € U and w, € W. Since
X;vl,g A\ Siug + wg € V, we have that uy + g,w; € V. Since ||v¢|| = 1, u, and w, are orthogonal, and v, ¢ Sy 5.
we have ||wy|| <1 and § < |Jug|| < 1. Thus, lim;—, ~ &,Ww¢ = 0, and hence some subsequence of the u, converges to
a non-zero element of U N V, which is a contradiction. ||

Lemma 9. If the SVAR model is exactly identified, then q; =n — j for 1 < j <n.

Proof. We proceed by contradiction. Suppose that it is not the case that g; =n — j for 1 < j < n. Since the
model is exactly identified, Rothenberg’s (1971) necessary condition for local identification implies that the total
number of restrictions, Y ¢_, ¢;, must be at least (n — 1)n/2. Assuming that it is not the case that g; =n — j for
1 < j < n, there must be at least one index i with ¢; > n —i. Since the g; are in decreasing order, it must be the
case that g; > n —i for 1 < j <. If we define V; to be the null space of the matrix Q;, then the dimension of V;
will be n — g; < i. By Lemma 8, there exists a k x n matrix X for which there are no orthonormal vectors py, ..., p;
in R" such that ij e Vjforl<j<i. Let M(k,n) be the set of all kK x n matrices and let

H={XeMkn)|XP¢R foral Pe On)}. (21)

We have shown that H is non-empty. The proof will be complete if we can show that A is open. To see this, note that
since f(U) is dense, HN £ (U) would be a non-empty open set, as would f~'(H). Since open sets are of positive
measure, the fact that the SVAR is exactly identified is contradicted.

To show that H is open, it suffices to show that if the sequence X; ¢ H converges to X, then X ¢ H.IfX i ¢ H
then there would exist P; € O(n) such that X;P; € R. Since O(n) is a compact set, some subsequence of the P;
converges to some orthogonal matrix P. Since R is a closed subset, XP € R as desired. ||

Proof of Theorem 7. This result follows directly from Lemmas 7 and 9. ||

Proof of Theorem 6. 1f the SVAR is exactly identified, then by Theorem 7, g; =n — j for 1 < j < n. Clearly,
the number of restrictions, Zl'-':l gi, is equal to (n — 1)n/2 and by Lemma 6, the rank condition in Theorem 1 is
satisfied for some (Ag, A;) € R.

On the other hand, since rank(M; (X)) < g; + j, if rank condition in Theorem 1 is satisfied for some (Ao, Ay) €
R, it must be the case that g; > n — j for 1 < j < n. If itis also the case that the total number of restrictions is equal
to (n — 1)n/2, then g; =n — j for 1 < j < n. So, by Theorem 7, the SVAR is exactly identified. ||

APPENDIX C. PROOF OF THEOREM 4

Proof of Theorem 4.  The first step in the proof is an application of Algorithm 1 to a certain structural parameter
point (Ag, A;). We show that if

Vi={veR"|Qv =0},

then Vi C ... C V,. If this were not the case, then let j be the first index such that V;_; ¢ V;. We could then find
linearly independent ay, ..., a, such that a; € V; for 1 <i < j and a;,a;,1 € V;. Let (Ag, Ay) be any structural
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parameter point with Ag = [a; ... a,]. Applying Algorithm 1 will produce an orthogonal P such that (AoP, A P) € R
and, by the hypotheses of the theorem, this P must be unique. But P will be unique if and only if the matrix Q;
defined by (10) is of rank n — 1 for 1 <i < n. Because a; € V; for | <i < j, it must be the case that for 1 <i < j,
Pe; = +e;, where ¢; is the i-th column of I,. But Q; cannot be of rank n — 1 because both Q;e; and Q;e;;; will be
zero. This result is a contradiction and so it must be the case that V; C ... C V,.

To complete the proof, we show that if V; C ... C V,, then the system is triangular. Because V; C ... C V,,
there exist linearly independent vy, ..., v, such that vi, ..., v; forms a basis for V;. If we define P; = [vy,...,v,]
and Py to the matrix with ones along the antidiagonal, then (Ao, A;) € R if and only if P f (Ao, A;)Py = P1APy

is lower triangular. Thus, the system is triangular by Definition 6.3. ||
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