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Abstract

Structural VAR modeling has played an important role in empirical macroeconomics. The
importance sampler used in the existing literature, however, can be prohibitively ine�cient for
obtaining accurate �nite-sample inferences. In this paper we develop a Gibbs sampler for Bayesian
inferences of structural VARs that restrict the covariance matrix of reduced-form residuals. Our
method is computationally e�cient in comparison to the existing method and can be readily
applied. We show, by examples, that inferences based on the importance sampler can seriously
distort economic interpretations.
? 2002 Elsevier B.V. All rights reserved.
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1. Introduction

Structural vector autoregressions (VAR) have played an indispensable role in the
analysis of dynamic patterns of economic variables in response to structural shocks.
Consequently, researchers have long searched for better methods to obtain accurate
�nite-sample inferences from the posterior distribution. 1 For reduced-form VARs, there
exists a simulation method that draws exactly from the posterior distribution. The algo-
rithm for this method is widely distributed by the RATS manual (Doan, 1992). Koop
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E-mail address: tzha@mindspring.com (T. Zha).
1 Here we address Bayesian approaches only, which have been used to deliver exact �nite-sample in-

ferences. There are classical approaches such as bias-corrected bootstraps that attempt to approximate
�nite-sample inferences (Kilian, 1998).
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(1992) and Kadiyala and Karlsson (1997) are instrumental in applying this Monte Carlo
(MC) algorithm as well as a Gibbs sampler to several popular VAR models. Their
applications deal with situations in which the covariance matrix of reduced-form resid-
uals is unrestricted. In a growing strand of VAR literature, however, the reduced-form
covariance matrix of residuals is often restricted so as to obtain clear economic inter-
pretations of dynamic responses to di�erent structural shocks. Classic examples are the
overidenti�ed VAR models of monetary policy by Sims (1986) and Gordon and Leeper
(1994). In these examples, the covariance matrix of residuals is restricted and thus the
MC algorithm of Doan (1992) can no longer be applied (Sims and Zha, 1999).
In this paper we develop a Gibbs sampling method for a wide class of existing

structural VAR models that may restrict the covariance matrix of reduced-form residuals
to obtain economically interpretable impulse responses. 2 The general theory of Gibbs
sampling has been extensively conned in the existing literature. 3 Given the existing
theory, our contribution pertains to developing a Gibbs sampler readily applicable to
a class of widely used structural VAR models, including those with restrictions on
lagged coe�cients. 4

There exists an importance-sampling technique originally proposed by Leeper et al.
(1996) and Zha (1999), which has since been used in the structural VAR literature. As
they noted, however, when the degree of simultaneity in a structural model is high, the
shape of the posterior density for the model parameters tends to be so non-Gaussian
that “importance sampling is prohibitively ine�cient”. In comparison, our Gibbs sam-
pler delivers accurate statistical inferences for models that involve a great degree of
simultaneity. We make such a comparison with two empirical applications. The �rst
application shows that unreliable MC results from the existing importance sampler can
result in seriously misleading interpretations about three key e�ects of monetary policy
shocks. The second application concerns the systematic response of monetary policy
to in�ation changes. We use this application to show how ine�cient the importance
sampler can be even with a number of MC draws far more than what can be used in
practice.
The remaining sections are organized as follows. Section 2 presents a general frame-

work for the existing structural VAR models. In Section 3 we develop a Gibbs sampler
and show how to implement this sampler step by step. In Section 4 we provide the
two empirical applications that are of recent interest in the macroeconomic literature.
The conclusion is o�ered in Section 5.

2 In an earlier draft of this paper (Waggoner and Zha, 1997), we also propose a Metropolis sampler. The
choice of jumping kernels and rejection ratios, however, depends on the particular VAR model in hand. We
do not include this development in the current paper.
3 There exists a large volume of theoretical work on the convergence and e�ciency of Gibbs sampling.

See Tierney (1994), Geweke (1995), and Chib and Greenberg (1996), among others, for some reviews of
the literature.
4 As a byproduct, the output from our Gibbs sampler can be directly used to evaluate accurately the

marginal likelihood for a structural VAR model, following the innovative procedure of Chib (1995). Ac-
curately evaluating marginal likelihoods is the central task in the literature of model comparison (Geweke,
1999).
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2. General framework

The structural VAR models typically take the form of

y′tA =
p∑
t=1

Y′
t−‘A‘ + z

′
tD+ �

′
t ; for t = 1; : : : ; T; (1)

where A and A‘ are n × n parameter matrices, D is an h × n parameter matrix, yt
is an n × 1 column vector of endogenous variables at time t, zt is an h × 1 column
vector of exogenous variables at time t, �t is an n × 1 column vector of structural
disturbances at time t; p is the lag length, and T is the sample size. The parameters of
individual equations in (1) correspond to the columns of A; A‘, and D. The structural
disturbances have a Gaussian distribution with

E(�t |y1; : : : ; yt−1; z1; : : : ; zT ) = 0
n×1

and E(�t�′t |y1; : : : ; yt−1; z1; : : : ; zT ) = I
n×n
: (2)

The structural disturbances in (2) are normalized to have an identity covariance
matrix. Right multiplying the structural form (1) by A−1, we will obtain the usual
representation of a reduced-form VAR with the reduced-form variance matrix being

� = (AA′)−1: (3)

Unlike typical unrestricted VAR models, � will be restricted when the contemporaneous
parameter matrix A is overidenti�ed.
We shall now summarize the existing structural VAR models in one general Bayesian

framework. Rewrite the structural system (1) in the compact form of y′tA = x
′
tF + �

′
t

where

x′t
1×k

= [y′t−1 · · · y′t−p z′t ]; F′
n×k

= [A′
1 · · · A′

p D
′]

and k = np + h. We will refer to F as lagged parameters even though F may also
contain exogenous parameters.
For 16 i6 n, let ai be the ith column of A, let fi be the ith column of F, let Qi

be an n × n matrix of rank qi, and let Ri be a k × k matrix of rank ri. The linear
restrictions of interest can be summarized as follows: 5

Qiai = 0; i = 1; : : : ; n; (4)

Rifi = 0; i = 1; : : : ; n: (5)

5 Most existing VAR models of impulse responses to structural shocks impose the restrictions of the
kind represented by (4). See, for example, Blanchard and Quah (1989), Gordon and Leeper (1994), Pagan
and Robertson (1995), Leeper et al. (1996), Bernanke et al. (1997), Uhlig (1997), Bernanke and Mihov
(1998), Christiano et al. (1999), Kim and Roubini (2000), and Kim (2001). Current research has been
geared to take explicit account of the restrictions on lag structures as given by (5), especially when small
open economies or disaggregate data are concerned. For examples employing these kinds of restrictions,
see Gertler and Gilchrist (1994), Cushman and Zha (1997), Dungey and Pagan (2000), Del Negro and
Obiols-Homs (2001), Lee and Ni (2002), and Dutta et al. (2002). Note that the reduced-form restrictions
implied by (4) and (5) may be non-linear and of cross-equation nature. The structural restrictions considered
here, however, do not encompass cross-equation ones, the subject of which is beyond the scope of this
paper.
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The restrictions given by (4) are said to be non-degenerate if there exists at least one
non-singular matrix A satisfying them. In this paper, all restrictions are assumed to be
non-degenerate.
When VAR models are large and degrees of freedom are low, the likelihood function

itself can be ill behaved and there is the well-known tendency of estimates to become
unreliable. To deal with these problems, Litterman (1986) introduces a widely used
Bayesian prior distribution for reduced-form models to down-weight models with large
coe�cients on distant lags and explosive dynamics. Sims and Zha (1998a) incorporate
Litterman’s idea in the structural framework by specifying the prior distribution of
ai and fi as being Gaussian with mean zero and covariance matrix ��. 6 This prior
distribution can be rewritten as

ai ∼ N(0; �Si) and fi|ai ∼ N( �Piai ; �Hi); (6)

where �Si is an n × n symmetric, positive de�nite (SPD) matrix, �Hi is a k × k SPD
matrix, and �Pi is a k × n matrix. 7 In Sims and Zha (1998a), some restrictions are
placed on �Si, �Hi, and �Pi so that the derived prior on reduced-form parameters is
similar to Litterman’s original random walk prior. In addition, Sims and Zha (1998a)
introduce dummy observations as a component of the prior that favors unit roots and
cointegration. 8 Operationally, the dummy observations are simply added to the data
matrix in the estimation.
The prior form summarized above represents a class of existing Bayesian priors that

have been widely used for structural VAR models. 9 Combining the prior form (6) with
the restrictions (4) and (5), we wish to obtain a functional form of the conditional prior
distribution

q(ai ; fi|Qiai = 0;Rifi = 0): (7)

Let Ui be an n × qi matrix whose columns form an orthonormal basis for the null
space of Qi and Vi be a k × ri matrix whose columns form an orthonormal basis for
the null space of Ri. The columns ai and fi will satisfy the restrictions (4) and (5) if
and only if there exist a qi × 1 vector bi and an ri × 1 vector gi such that

ai =Uibi ; (8)

fi = Vigi : (9)

Thus the distribution of bi and gi is given by

bi ∼ N(0; S̃i) and gi|bi ∼ N(P̃ibi ; H̃i); (10)

6 The zero prior mean of ai and fi permits the typical normalization rule of changing the sign of the
structural parameters in the ith equation of the simultaneous system (1).
7 Note that �Si ; �Pi , and �Hi are functions of ��.
8 This prior component is complicated because it puts weight in favor of the unit roots of det(In −∑p
‘=1 B‘z

‘) as well as cointegrating relationships, where B‘ =A‘A−1 is a reduced-form parameter matrix.
The weight is controlled by the values of hyperparameters in the prior. Consult Sims and Zha (1998a) for
details.
9 Recent examples of applying this prior to structural VAR models can be found in Leeper et al. (1996),

Faust (1998), and Robertson and Tallman (2001), among others.
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where

H̃i = (V′
i
�H−1
i Vi)

−1;

P̃i = H̃iV′
i
�H−1
i
�PiUi ;

S̃i = (U′
i
�S−1i Ui +U

′
i
�P′
i
�H−1
i
�PiUi − P̃′

iH̃
−1
i P̃i)

−1:

Note that S̃i is a qi × qi SPD matrix, H̃i is an ri × ri SPD matrix, and P̃i is an ri × qi
matrix. 10 It can be veri�ed that the prior distribution (10) for bi and gi is equivalent
to the prior distribution (7) for ai and fi. 11 For the most part of this paper, we work
directly with bi and gi with the understanding that the original parameters ai and fi
can be easily recovered via the linear transformations Ui and Vi.
Let b=[b′1 · · · b′n]′, g=[g′1 · · · g′n]′, X=[x1 · · · xT ]′, and Y=[y1 · · · yT ]′. The likelihood

function for b and g is proportional to

|det[U1b1| · · · |Unbn]|Texp
(
−1
2

n∑
i=1

(b′iU
′
iY

′YUibi − 2g′iV′
iX

′YUibi

+g′iV
′
iX

′XVigi)

)
: (11)

Combining the prior on b and g given by (10) with the likelihood function given by
(11) leads to the following joint posterior pdf of b and g:

p(b1; : : : ; bn|X;Y)
n∏
i=1

p(gi|bi ;X;Y);

where

p(b1; : : : ; bn|X;Y)˙ |det[U1b1| · · · |Unbn]|Texp
(
−T
2

n∑
i=1

b′iS
−1
i bi

)
; (12)

p(gi|bi ;X;Y) = ’(Pibi ;Hi); (13)

with

Hi = (V′
iX

′XVi + H̃−1
i )

−1;

Pi =Hi(V′
iX

′YUi + H̃−1
i P̃i);

Si =
(
1
T
(U′

iY
′YUi + S̃−1i + P̃′

iH̃
−1
i P̃i − P′

iH
−1
i Pi)

)−1
:

10 If there are no restrictions on lagged parameters, we have H̃i = �Hi ; P̃i = �PiUi , and S̃i = (U′
i
�S−1i Ui)−1,

as in Sims and Zha (1998a).
11 It is easy to see from (8) that bi = U′

iai . One may conclude that the covariance matrix of bi is simply
U′
i
�SiUi . But draws of bi from the distribution with this covariance, when transformed back to ai , will not

come from the conditional distribution given by (7) except in some special cases such as exclusion restrictions
on A with �Si being a diagonal matrix, and no restrictions on A‘. For example, when non-exclusion linear
restrictions on A are present, as in the money demand equation in Cushman and Zha (1997) and Christiano
et al. (1999), U′

i
�SiUi gives an incorrect answer to (7).
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The notation ’(Pibi ;Hi) in (13) denotes the Gaussian density with mean Pibi and
covariance matrix Hi.
In many VAR works, only the likelihood function (i.e., the posterior density under

the �at prior on b and g) is considered. Because (11) is the same as (12) and (13) when
the prior variances (diagonal elements in S̃i and H̃i) approach in�nity, the posterior
density speci�ed in (12) and (13) includes the likelihood as a special case.
To obtain small-sample inferences of b and g or their functions (e.g., impulse re-

sponses), it is necessary to simulate the joint posterior distribution of b and g. This
simulation involves two consecutive steps. First, simulate draws of b from the marginal
posterior distribution (12). Second, given each draw of b, simulate draws of g from
the conditional posterior distribution (13). The second step is straightforward because it
requires draws only from multivariate normal distributions. The �rst step, as mentioned
earlier, can be challenging when linear restrictions on A imply a restricted reduced-form
covariance matrix. In the next section we develop a Gibbs sampler for the posterior
distribution of b.

3. A Gibbs sampler

In the existing literature, e�cient posterior simulators have been applied to models
in which � is unrestricted because the distribution of � conditional on the data (and
in some cases other parameters) is of inverted Wishart under the �at prior on A or
� or under an inverted Wishart prior of � (Doan, 1992; Koop, 1992; Kadiyala and
Karlsson, 1997; Sims and Zha, 1998a). One special case for an unrestricted � is
when A is triangular. In general, if the number of restrictions on A is n(n− 1)=2, (3)
usually implies a one-one mapping between A and �. 12 Since the posterior distribution
of unrestricted � is readily obtained, one can also obtain the distribution of A by
decomposing each draw of � into A.
When the number of restrictions on A is greater than n(n − 1)=2, as in any overi-

denti�ed VAR model, the reduced-form covariance matrix � becomes restricted. The
posterior distribution of restricted � is no longer the same as the unrestricted ver-
sion derived by Koop (1992) and Kadiyala and Karlsson (1997), and its simulation
becomes a di�cult task. In the past, researchers have used an importance sampler to
approximate the posterior density function of A. This sampler begins with drawing MC
samples from the asymptotic Gaussian (or Student t) distribution approximated by a
second-order Taylor expansion of the logarithm of (12) at the peak of the posterior den-
sity function. Each draw of A is then weighted by the ratio of the value of (12) to the
value of the approximating pdf. 13 The importance sampler, however, can work poorly
when the distribution of A is highly non-Gaussian, as will be shown in Section 4.
This outcome occurs because unreasonably large weights tend to be given to only a
handful of simulated draws.

12 There are some very special cases in which a one–one mapping fails to exist. See Bekker and Pollock
(1986) and Sims and Zha (1999).
13 The empirical distribution of � can be obtained directly via (3).
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3.1. Analytical results

In this section we derive a Gibbs sampler for the non-standard posterior distribution
of b. Theorem 1, following, provides a theoretical foundation for our Gibbs sampler.
For a �xed i∗, where 16 i∗6 n, the central result states that drawing from the poste-
rior distribution of bi∗ conditional on b1; : : : ; bi∗−1; bi∗+1; : : : ; bn is equivalent to drawing
independently from a number of univariate normal distributions and one special uni-
variate distribution.
Before we state Theorem 1, a few notations are in order. Let w be an non-zero n×1

vector perpendicular to each vector in {Uibi|i �= i∗}. Since the restrictions are assumed
to be non-degenerate, the n − 1 vectors Uibi for i �= i∗ will almost surely be linearly
independent and U′

i∗w will be non-zero. De�ne

w1 = T′
i∗ U

′
i∗w=‖T′

i∗ U
′
i∗w‖; (14)

where Ti∗ is a qi∗ × qi∗ matrix such that Ti∗T
′
i∗ = Si∗ . Choose w2; : : : ;wqi∗ so that

w1;w2; : : : ;wqi∗ form an orthonormal basis for Rqi∗ . Since bi∗ ∈Rqi∗ , we can write bi∗
as

bi∗ = Ti∗

qi∗∑
j=1

�jwj: (15)

Theorem 1. The posterior random vector bi∗ conditional on b1; : : : ; bi∗−1; bi∗+1; : : : ; bn
is a linear function of qi∗ independent random variables denoted by �j such that

(a) the density function of �1 is proportional to |�1|T exp(−T�21=2),
(b) for 26 j6 qi∗ ; �j is normally distributed with mean zero and variance 1=T .

Like any Gibbs sampler, the Gibbs sampler laid out in Theorem 1 produces, in
general, serially correlated draws of b (and thus A). But for a VAR model with
unrestricted �, our Gibbs sampler is as e�cient as the method of Doan (1992) that
produces independent draws, and thus it includes Doan’s method as a special case.
To see this result, note that � can always be decomposed to A according to (3), as
long as A can be transformed to be upper triangular after an appropriate reordering
of the equations and variables in the system (1). 14 It follows from (4) and (12) that
the posterior distribution of � is of inverted Wishart. If the Gibbs sampler generates
independent draws of A, independent draws of � are readily available via (3).

14 When A is triangular, the conventional normalization to keep the diagonal elements positive is used.
Waggoner and Zha (2002) explain why such normalization is preferable to other normalization rules in
preserving the shape of the posterior distribution. They extend the conventional normalization rule for a
triangular form of A to all forms of A. In Section 4, where the Gibbs sampler is applied, we use the
extended normalization rule. See also Sims and Zha (1999) for additional discussion.
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Theorem 2. The posterior distribution of bi∗ will be independent of b1; : : : ; bi∗−1;
bi∗+1; : : : ; bn if there exists a permutation matrix � and an orthogonal matrix � such
that the matrix �A� is upper triangular for all matrices A satisfying the restrictions
given by (4).

Clearly, draws of A are independent if and only if the posterior distribution of bi∗ is
independent of b1; : : : ; bi∗−1; bi∗+1; : : : ; bn for 16 i∗6 n. Theorem 2 applies directly to
the situations where the transformed form of A is upper triangular after a reordering of
the equations and variables in the system (1). Reordering the equations is equivalent
to right multiplying A by a permutation matrix and reordering the variables is equiv-
alent to left multiplying A by a permutation matrix (which is orthogonal). It follows
from Theorem 2 that the Gibbs sampler will produce independent draws of A if the
transformed form of A is upper triangular after an appropriate reordering of equations
and variables.

3.2. Algorithm

An algorithm for the Gibbs sampler derived in Theorem 1 is laid out below.

Algorithm 1. The following steps compose the algorithm for simulating draws from
the posterior distribution of b.

(a) Choose the arbitrary values b(0)1 ; : : : ; b
(0)
n (typically the estimate at the peak of

the posterior density function, if available).

(b) For s= 1; : : : ; N1 + N2 and given b
(s−1)
1 ; : : : ; b(s−1)n , obtain b(s)1 ; : : : ; b

(s)
n by

(b.1) simulating b(s)1 from the distribution of b1|b(s−1)2 ; : : : ; b(s−1)n ,
(b.2) simulating b(s)2 from b2|b(s)1 ; b(s−1)3 ; : : : ; b(s−1)n ,

...

(b.n) simulating b(s)n from bn|b(s)1 ; : : : ; b(s)n−1.
(c) Collect the sequence {b(0)1 ; : : : ; b(0)n ; : : : ; b(N1+N2)1 ; : : : ; b(N1+N2)n } and keep only the

last N2 values of the sequence.

In step (b) of Algorithm 1, all simulations are carried out according to Theorem 1.
The only computational complication involves the simulation from the less standard
distribution of �1 and the construction of the orthonormal basis w1; : : : ;wqi∗ , the imple-
mentation of which will be described in the next section. The rest of the computation
is to sample independently from the univariate normal distributions of �2; : : : ; �qi∗ and
the univariate distribution of �1.
Step (c) of Algorithm 1 concerns a choice of N1 and N2. If the initial values

b(0)1 ; : : : ; b
(0)
n are random but not drawn from the target distribution, the �rst N1 draws

are usually discarded to protect against a very unlikely initial draw.
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3.3. Implementation

The probability density function of �1 speci�ed in Theorem 1 belongs to the
following family of distributions:

p(x) =
T (k+1)=2

2(k−1)=2�((k + 1)=2)
(x2)k=2 exp

(
−T
2
x2
)
; for k; T ¿ 0; (16)

where �(·) is the standard gamma function. Note that when k =T , p(x) is exactly the
pdf of �1. To draw x from p(x), let r = x2. The Jacobian of transforming x to r is
1=(2

√
r). It follows from (16), that the pdf of r is proportional to

r(k+1)=2−1 exp
(
−Tr
2

)
: (17)

If k is an integer (17) is the univariate Wishart (UW) density (Zellner, 1971, pp.
389–394). Denote this univariate Wishart by

UW(T−1; k + 1): (18)

Note that (17) or (18) is also a Gamma density function with the two parameters being
(k + 1)=2 and 2=T . The random variable x from the distribution (16) is a square root
of the UW variable.
Simulating random draws from (16) is straightforward. First, draw a vector z =

(z1; : : : ; zk+1)′ identically and independently from the normal distribution with mean
zero and variance 1=T . Then, form r = z′z. The random draw r so obtained is from
UW(T−1; k + 1). For each draw r, assign x =

√
r or x = −√

r, each with probability
one-half. The draw of x so computed is from the probability distribution (16).
We now provide a stable and computationally e�cient way to construct the orthonor-

mal basis w1; : : : ;wqi∗ required in Theorem 1 and Algorithm 1. The key step is to �nd
a non-zero vector w that is perpendicular to each vector in {Uibi|i �= i∗}. This vector
can be found by using a Gaussian elimination or an LU decomposition to solve the
system

w′[U1b1| · · · |Ui∗−1bi∗−1|0|Ui∗+1bi∗+1| · · · |Unbn] = 0:
De�ne w1 by (14) and let w′

1 = [w1; : : : ; wqi∗ ]. For j = 2; : : : ; qi∗ , construct the qi∗ × 1
vector wj as

w′
j = [w1wj; : : : ; wj−1wj;−cj−1; 0; : : : ; 0]=

√
cj−1cj;

where cj=
∑j

k=1 w
2
k . By this construction, w1; : : : ;wqi∗ form an orthonormal basis. The

implementation described here will be stable if w1 is arranged to be the largest element
of w1; : : : ; wqi∗ .

4. Applications

In this section we apply both the existing importance sampler and the developed
Gibbs sampler to an overidenti�ed, simultaneous model studied by Robertson and
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Table 1
Identi�cation for the simultaneous model used in Robertson and Tallman (2001)

Inform MP MD Prod Prod Prod

Pcom X
M2 X X X
R X X X
Y X X X X X
CPI X X X X
U X X

Tallman (2001) to show the di�erences between some results that are of recent in-
terest in the macroeconomic literature. The model employs monthly data with 13 lags
and includes six key macroeconomic variables frequently used by policy advisors: the
Commodity Research Bureau price index for raw industrial commodities (Pcom), M2,
the federal funds rate (R), real GDP interpolated on a monthly frequency (y), the
consumer price index (CPI), and the unemployment rate (U ). 15 The dataset used by
Robertson and Tallman is updated to December 2000. The model’s identi�cation is
achieved through overidentifying exclusion restrictions on the contemporaneous struc-
tural equations A, presented in Table 1 for the reader’s convenience. Each column
in the table represents a behavioral equation labeled at the top of the column. The
label “Inform” stands for the information market, “MP” stands for monetary policy,
“MD” for money demand, and “Prod” for the production sector. The variables that
enter each equation are listed on the far-left side of the table. Empty cells indicate
zero restrictions. A cell �lled with “X” implies that the corresponding variable listed
on the far left enters, without any restriction, the corresponding equation labeled at the
top. For example, the “MP” column of Table 1 describes the monetary policy equation
in which the Federal Reserve responds contemporaneously to the interest rate (R) and
money (M2), but not to other variables. Thus, the model consists of two blocks: a
block of simultaneous equations representing the information market, money supply,
and money demand and a recursive block describing the production sector that involves
the variables of real GDP, CPI, and unemployment. 16

The total number of zero restrictions on the parameters in A (i.e., empty cells in
Table 1) is 18. Thus, the model is overidenti�ed and � is restricted by (3). These
restrictions can be easily mapped to the form of (4), where each Qi for i = 1; : : : ; 6

15 All variables are in logarithm except the federal funds rate and the unemployment rate, which are
expressed in percentage points.
16 Since our purpose is to use the existing model to examine the e�ectiveness of each of the two samplers,
we refer the reader who is interested in detailed discussions of the identi�cation to Leeper and Zha (2002).
This kind of identi�cation has been used in the modern VAR literature (Christiano et al., 1999). Advantages
and objections to such identi�cation are discussed in the comprehensive VAR literature reviews provided by
Leeper et al. (1996) and Christiano et al. (1999). Robertson and Tallman (1999, 2001) discuss the model’s
ability to forecast well out of sample. Sims and Zha (1998b) provide a general equilibrium justi�cation for
such identi�cation.



D.F. Waggoner, T. Zha / Journal of Economic Dynamics & Control 28 (2003) 349–366 359

is a diagonal matrix because the restrictions are exclusion restrictions and non-zero
diagonal elements in Qi correspond to the blank entries in the ith column of Table 1.

4.1. E�ects of monetary policy shocks

Robertson and Tallman (2001) examine the dynamic patterns of the federal funds
rate, real GDP, and CPI (the three key impulse responses of substantive interest for pol-
icy analysis) in response to monetary policy shocks. They employ our Gibbs sampling
technique to characterize the uncertainty associated with estimated impulse responses.
A relevant question is this: what kind of economic conclusion would one draw if the
existing importance sampler were used instead? To answer this question, we repeat
Robertson and Tallman’s exercise, using both the Gibbs and importance samplers. We
use two sets of commonly used MC sample sizes—one with 5000 draws and the other
with an additional 5000 draws. 17 The purpose is to show that the empirical posterior
distribution generated from the importance sampler is unstable from one set of MC
draws to another.
Fig. 1 reports the dynamic responses of the federal funds rate, real GDP, and CPI

to a one-standard-deviation shock in monetary policy over 48 months. The solid lines
are the estimated responses (computed from the values of A and F at the peak of the
posterior distribution); the dashed lines are equal-tailed 68% probability bands. 18 The
bands imply asymmetric distributions of impulse responses. The funds rate response is
expressed in percentage points. Responses of output and consumer prices are expressed
in log levels multiplied by 100. 19 Thus, an impulse response at time t represents a
percentage change relative to the initial level at time 0.
Fig. 1 shows that the identi�ed monetary contraction has a typical pattern of e�ects:

the federal funds rate rises immediately, output falls gradually and hits the lowest
point at the 24th month, and consumer prices adjust sluggishly but begin to decline
appreciably in about two years. In light of Fig. 1, we use the following three examples
to demonstrate how unstable results for posterior probabilities, posterior medians, and
posterior probability intervals can distort economic interpretations about the e�ects of
monetary policy shocks.

17 For the Gibbs sampler, the value of N1 in Algorithm 1 is set to 100. Our experiments indicate that
Algorithm 1 quickly (often in two or three iterations) returns to the non-trivial probability region even
if the initial draw was of extremely low probability. The intuition is that the mode of b(s)1 ; : : : ; b

(s)
n given

b(s−1)1 ; : : : ; b(s−1)n , which can be easily computed via Theorem 1 by setting �=1 and �j =0 for 26 j6 qi ,
quickly converges to the estimate at the peak of the posterior density function. Thus, setting N1 to 100 is
more than adequate for most structural VARs.
18 The probability bands are based on the set of 10,000 draws. The set of 5000 draws produces the bands
that are hardly di�erent from those displayed in Fig. 1. To characterize the shape of likelihood or the
posterior distribution, bands corresponding to 50% or 68% are often more useful than 90% or 95% bands
(Sims and Zha, 1999).
19 Robertson and Tallman (2001) report the responses in terms of growth rates.
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Fig. 1. Dynamic responses to a monetary policy shock.

4.1.1. Expected in�ation e�ects
In Fig. 1, the rise in the funds rate precedes the persistent fall in the price level. The

falling prices imply the declines in in�ation relative to the initial in�ation at time 0.
Because lower in�ation is ultimately associated with lower interest rates in a longer
run, the funds rate must decline below its initial level over a longer term. Such e�ects
are known as expected in�ation e�ects. At the end of the forecast horizon (the 48th
month), the probability that the funds rate response is below zero is 86.34% from the
set of 10,000 draws and 86.14% from the set of 5000 draws.
Inferences from the importance sampler lead to con�icting conclusions. The impor-

tance function used here is a multivariate Student-t distribution with three degrees of
freedom to account for possible fat-tails in the distribution. 20 The outcome from the
set of 5000 draws suggests a strong expected in�ation e�ect: the probability of the
funds rate response being below zero at the 48th month is 98.70%. But the result from
the set of 10,000 draws repudiates the previous interpretation because there is a 50.04%
probability that the funds rate does not fall below zero at the 48th month.

20 A wide range of degrees of freedom is also examined with no improvement in the MC results.
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4.1.2. Output e�ect
The monetary contraction causes output to fall. The largest e�ect on output occurs

at the 24th month with the point estimate being −0:38% (Fig. 1). The 68% probability
interval for this estimate is (−0:42%;−0:17%) and the 90% probability interval is
(−0:50%;−0:03%), according to the results from the Gibbs sampler. 21 These results
imply that the output contraction is statistically signi�cant from zero, but there still
exists considerable uncertainty about the point estimate.
In comparison, the 68% probability interval derived from the set of 5000 draws

based on the importance sampler is (−0:51%;−0:29%). But when an additional set
of 5000 draws is included, the 90% probability interval becomes (−0:51%;−0:27%).
This interval is almost identical to the 68% probability interval based on the �rst
5000 draws and is much tighter than the 90% probability interval derived from the
Gibbs sampler. Such an unstable outcome is due to the fact that additional draws in
the importance sampling procedure shift dominant weights to new locations and thus
change the probability interval of the estimate.

4.1.3. Price e�ect
In the last two examples presented in Sections 4.1.1 and 4.1.2, the posterior medians

(or means) computed from the two sets of MC draws under the importance sampler do
not di�er much. In this section we provide an example in which they di�er so much
that economic interpretations can be distorted.
The example concerns one of the important e�ects following a contractionary mon-

etary policy shock: the price e�ect. Judging from the 68% probability bands, the price
level begins to fall signi�cantly toward the end of the second year (Fig. 1). The point
estimate of the price e�ect at the 24th month, implied by the solid line in Fig. 1,
is −0:22%. By construction, this estimate is invariant to the empirical distributions
of the price responses. The posterior median, however, may change. Under the Gibbs
sampler, the median is −0:18% based on the set of 5000 draws and −0:19% based on
the set of 10,000 draws. The posterior standard deviation from both sets of MC draws
is 0:19%. Clearly, the di�erence between the medians based on the two sets of MC
draws is negligible.
Using the importance sampling technique, we obtain −0:26% for the posterior me-

dian computed from the set of 5000 draws. But this number is increased to −0:02%
when an additional set of 5000 MC draws is included. The di�erence between these
two results is statistically signi�cant because the posterior standard deviation is 0.13%
based on the 5000 draws and 0.14% based on the 10,000 draws. More important, the
di�erence leads to diametrical interpretations about the magnitude of the price level.
From the results based on the 5000 draws, the probability of the price response greater
than −0:02% is 2.65%, implying that the price response at the 24th month is mostly
negative. But the posterior median computed from the 10,000 draws implies that such a

21 Di�erences between the results from two sets of draws show up only in the �fth decimal place. From
this point on, we will not mention which set of MC draws is used for the Gibbs sampler so long as the
di�erences occur in the �fth or higher decimal place.
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probability is 50%, suggesting a non-trivial probability that the price response is close to
zero. 22

4.2. Policy response to in�ation

The above section uses the existing exercise in Robertson and Tallman (2001) to
show that economic interpretations of the estimated e�ects of monetary policy shocks
can be seriously distorted by the unreliable results produced from the importance sam-
pler when typical numbers of MC draws are used. One would argue that if one samples
a long sequence of MC draws (say millions of draws), the importance sampler will
deliver a su�cient number of e�ective draws. In this section we show that a very large
number of MC draws (far beyond what can be practically used) from the importance
sampler can still fail to deliver enough e�ective draws for reliable statistical inferences.
We illustrate this case by extending the Robertson and Tallman exercise to a di�erent

topic that has not been emphasized in the existing VAR literature but has drawn much
attention in the macroeconomic literature: the degree to which the Federal Reserve
adjusts the federal funds rate in response to changes in in�ation. The policy’s systematic
response to in�ation is de�ned as � ≡ ∑p

‘=0 �‘=
∑p

‘=0 �‘, where �‘ is the coe�cient
on the ‘th lag of the in�ation variable and �‘ is the coe�cient on the ‘th lag of R in
the monetary policy equation. 23 A strong response (�¿ 1) is typically viewed as a
“stable policy”. 24 The point estimate of � for the model is 1.44, which implies that
the Federal Reserve has been strongly reacting to changes in in�ation.
One interesting question: how precise is the estimate of �? Let us use the 68%

probability interval as an example to illustrate the di�erences in results produced by
the Gibbs and importance samplers. The 68% interval for � computed from a set
of 10,000 MC draws generated by the Gibbs sampler is [0.35, 2.92], which includes
the point estimate 1.44. For the same number of MC draws, the importance sampler
produces the 68% interval [− 2:08;−0:16] because a handful of draws with dominant
weights happen to land in the negative region. These two probability intervals deliver
diametrically di�erent economic interpretations. The Gibbs interval indicates that while
the Federal Reserve’s response to in�ation is positive, there is some probability that
� is less than 1, implying that the model, with no time variations allowed for the
parameters, may mix the regimes of “stable” and “unstable” policies. 25 The interval
produced by the importance sampler, however, indicates that the estimated monetary
policy equation itself makes little economic sense because a negative value of � implies
that the Federal Reserve tends to fuel in�ation rather than �ght in�ation.

22 In fact, there is a large spike in the posterior distribution that occurs around −0:0032%.
23 In�ation, de�ned as pt−pt−1, is converted to an annual rate to be compatible with the federal funds rate.
Before calculating the policy response to in�ation, the policy equation is arranged so that contemporaneous
and lagged in�ation variables are on the right-hand side and contemporaneous and lagged funds rates are
on the left-hand side.
24 See, for example, Rotemberg and Woodford (1999) and Clarida et al. (2000).
25 A recent paper by Lubik and Schorfheide (2002) shows that �¡ 1 does not necessarily imply an unstable
monetary policy because a system of equations as a whole may still deliver a stable path of responses of
macroeconomic variables to changes in in�ation under such a policy rule.
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To see how stable the above MC results are, we simulate �ve million draws from
both the Gibbs and importance samplers. The resulting 68% interval for � produced by
the Gibbs sampler is [0.30, 2.85]—slightly di�erent from the interval reported earlier
with 10,000 draws. In contrast, the 68% interval for � generated by the importance
sampler is [−4:86;−0:50], which is considerably di�erent from the interval with 10,000
draws. Because of the non-Gaussian shape of the posterior density function for this
overidenti�ed simultaneous model, most draws produced from the importance sampler
lie in the very low probability region and thus receive very small weights. As a re-
sult, the �ve million MC draws are dominated by only a few draws with the largest
weight as much as 16.4%, making the importance sampler practically ine�cient for this
model.

5. Conclusion

Structural VAR modeling in the recent literature has grown to be an important tool in
analyzing the dynamic responses of economic variables to structural shocks. We have
shown that the existing importance sampler can be prohibitively ine�cient and such
ine�ciency can seriously distort economic interpretations; therefore, a Gibbs sampler
has been developed for a class of structural models frequently used in the existing
literature. This sampler is generally enough to include as a special case the popular
method of Doan (1992) for reduced-form VAR models. We have demonstrated how
to implement the Gibbs sampler step by step and shown by examples that the sampler
works well. The goal of this paper is to enable applied researchers to obtain accurate
�nite-sample properties for structural VAR models that involve both simultaneity and
restrictions on the covariance matrix and the regression coe�cients.
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Appendix A. Mathematical proofs

Proof of Theorem 1. Using the notation introduced in Section 3.1, we know that for
26 j6 qi∗ , Ui∗Ti∗wj is perpendicular to w by construction and thus is a linear com-
bination of {Uibi|i �= i∗}. It follows from (15) that

det[U1b1| · · · |Unbn] =
qi∗∑
j=1

�jdet[U1b1| · · · |Ui∗Ti∗wj| · · · |Unbn]˙ �1: (A.1)



364 D.F. Waggoner, T. Zha / Journal of Economic Dynamics & Control 28 (2003) 349–366

From (12) the conditional posterior density is

p(bi∗ |b1; : : : ; bi∗−1; bi∗+1; : : : ; bn;X;Y)

˙ |det[U1b1| · · · |Unbn]|T exp
(
−T
2

n∑
i=1

b′iS
−1
i bi

)

˙ |�1|T exp
(
−T
2
b′i∗S

−1
i∗ bi∗

)

˙ |�1|T exp
(
−T
2
�21

)
×

qi∗∏
j=2

exp
(
−T
2
�2j

)
:

The second line follows from (A.1) and the fact that the exponential terms containing
bi for i �= i∗ are absorbed in the constant term. The third line, which establishes the
theorem, follows from (15) and the fact that w1;w2; : : : ;wqi∗ are orthogonal.

Proof of Theorem 2. Assume there exists a permutation matrix � and an orthogonal
matrix � such that the matrix �A� is upper triangular for all matrices A satisfying the
restrictions given by (4). It can be seen from (15) that the posterior distribution of bi∗ is
independent of b1; : : : ; bi∗−1; bi∗+1; : : : ; bn if and only if the normalized vector w1 de�ned
in (14) does not depend on b1; : : : ; bi∗−1; bi∗+1; : : : ; bn. Since Ti∗ does not depend on
A, the proof will follow if we show that up to a scalar, the vector U′

i∗w=(U
′
i∗�

′)(�w)
does not depend on A.
Denote the ith column of the n×n identity matrix by ei and let � be the permutation

associated with �. 26 By the de�nition of w in Section 3.1,

0 = w′Aei = w′�′�A�e�(i) for i �= i∗:

Since �A� is upper triangular, we have the �rst claim:

Claim 1. The ith coordinate of �w is zero for i¡�(i∗).

Again, since �A� is upper triangular, the column space of Ui∗ must be contained
in the span of the �rst �(i∗) columns of �′. Since � is orthogonal, we have the second
claim:

Claim 2. U′
i∗�

′ei = 0 for i¿�(i∗).

The above two claims imply that U′
i∗w= (U

′
i∗�

′)(�w) must be a scalar multiple of
U′
i∗�

′e�(i∗), which does not depend on A.

26 The permutation � is associated with the permutation matrix � if �e�(i) = ei for 16 i6 n.
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