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LEARNING, ADAPTIVE EXPECTATIONS AND
TECHNOLOGY SHOCKS*

Kevin X.D. Huang, Zheng Liu and Tao Zha

This study explores the macroeconomic implications of adaptive expectations in a standard growth
model. We show that the self-confirming equilibrium under adaptive expectations is the same as the
steady state rational expectations equilibrium for all admissible parameter values, but that dynamics
around the steady state are substantially different between the two equilibria. The differences are
driven mainly by the dampened wealth effect and the strengthened intertemporal substitution effect,
not by escapes emphasised by Williams (2003). Consequently, adaptive expectations can be an
important source of frictions that amplify and propagate technology shocks and seem promising for
generating plausible labour market dynamics.

Learning models have been used for many macroeconomic applications (Sargent,
2007)." We focus, in this article, on yet another application in the context of a standard
real business cycle model in which rational expectations are replaced by adaptive
expectations. The stability of rational expectations under learning in real business cycle
(RBC) models has been studied in the literature (Evans and Honkapohia, 2001; Bul-
lard and Duffy, 2004; Carceles-Poveda and Giannitsarou, 2007; Eusepi and Preston,
2008). In a closely related paper, Williams (2003) considers a variety of standard
learning rules in a RBC model. The learning rules that he considers do not separate
agents’ beliefs and their decision making. Agents are learning about the structural
parameters in the reduced form of the model and the learning does not influence
optimising decisions. Under this type of learning, Williams (2003) finds that learning
dynamics differ very little from rational expectations dynamics. Consequently, one
would have concluded that learning dynamics do not teach us anything new, as com-
pared to the rational expectations version of the RBC model.

In this article, we re-examine this conclusion in the standard RBC model with both
neutral and investmentspecific technology shocks. Following the commonly-used
learning mechanism studied by Marcet and Nicolini (2003) and Sargent et al. (2006a),
we examine the implications of misspecified (i.e., under-parameterised) learning rules
by separating agents’ beliefs and their decision rules.” Rational expectations are simply

* We thank the referees and the editor as well as Klaus Adam, James Bullard, Marty Eichenbaum, Martin
Ellison, George Evans, Seppo Honkapohja, Selo Imrohoroglu, Bruce Preston, Tom Sargent and Paolo Surico
for helpful comments. The views expressed herein are those of the authors and do not necessarily reflect the
views of the Federal Reserve Bank of Atlanta, the Federal Reserve Bank of San Francisco or the Federal
Reserve System.

' To give a few examples, Lucas (1986), Marcet and Sargent (1989) and Evans and Honkapohja (2001)
recommend selecting rational expectations equilibria that are stable under least squares learning; Primiceri
(2006), Sargent et al. (2006b) and Carboni and Ellison (2008) use learning mechanisms to explain the rise
and fall of American inflation; Adam et al. (2008) show how learning helps to improve the fit of the model of
asset pricing.

? Williams (2003) studies another form of misspecified learning in which agents do not know the true
parameters of the production function. By assuming full depreciation of the capital stock, an i.i.d. technology
process, and inelastic labour, he shows that learning leads to occasional, but recurrent, large deviations away
from an SCE, called ‘escape dynamics.” For other studies of escape dynamics, see Sargent (1999), Cho et al.
(2002), Kasa (2004) and Adam et al. (in press).
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replaced by adaptive expectations, while all decision equations under rational
expectations remain intact. We show that this slight departure from rational expecta-
tions has important ramifications. Specifically, we address the following questions:

e Is there a self-confirming equilibrium (SCE) in our learning environment? Is it
unique?

e Are there strong escape dynamics away from the domain of attraction of the SCE?

e How does learning amplify the effects of technology shocks compared to
rational expectations?

e How does learning affect the transmission mechanisms of technology shocks,
especially in the labour market?

To answer these questions, we obtain closed form solutions for both the log-line-
arised rational expectations model and the corresponding learning model. These
analytical solutions enable us to prove the existence and uniqueness of the SCE under
all admissible parameterisations in our learning model. We further prove that the SCE
coincides with the steady state rational expectations equilibrium (REE), but that
learning dynamics are substantially different from rational expectations dynamics.
Unlike Marcet and Nicolini (2003), Williams (2003) and Sargent et al. (20064), how-
ever, we show that learning dynamics are stationary and that the differences between
learning dynamics and rational-expectations dynamics are not driven by escape
dynamics.

These theoretical results enable one to draw macroeconomic implications from our
learning model. The dynamic responses of output, consumption, investment and
labour hours, following a neutral technology shock, are substantially larger in the
adaptive expectations model than in the rational expectations model. In the rational
expectations equilibrium, hours change too little and the real wage fluctuates too
much compared to the data. In contrast, learning amplifies the response of hours and
dampens the response of the real wage. In our adaptive expectations model, agents
form forecasts of future capital stock based on the past observations. Thus, introducing
learning dampens the wealth effect of the neutral technology shock and strengthens
the intertemporal substitution effect. Consequently, it helps to amplify the effects of
the neutral technology shock on output and investment and improve the model’s
predictions on the labour market dynamics. Introducing learning also helps to amplify
the effects of a biased technology shock.

The responses of hours to both types of technology shocks can be negative after
initial periods in the learning model, whereas the hours responses to each of the two
shocks are positive in the rational expectations model. The less persistent the shocks
are, the more pronounced the negative responses of hours under learning can become.
Furthermore, the learning model is more likely to generate hump-shaped responses of
consumption, investment, real wage and hours, the less persistent the shocks are.

To relate our work to a broader literature on learning, we also examine a sophist-
icated nonlinear learning rule that has a correct specification of the rational ex-
pectations solution. Consistent with the results reported by Carceles-Poveda and
Giannitsarou (2007), we find that the transmission and propagation mechanisms of
technology shocks depend crucially on initial conditions, the size of the shocks and the
size of the gain. We illustrate some cases where learning generates strong amplification
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effects of the technology shocks. In particular, we show that adaptive learning, acting as
a friction, is capable of generating negative responses of hours to a neutral technology
shock, as documented by some recent empirical studies e.g., Gali (1999), Basu et al.
(2006) and Gambetti (2006).

Overall, our results suggest that introducing adaptive expectations in the standard
stochastic growth model can assign a more important role for technology shocks to
generate fluctuations in key macroeconomic variables than under rational expecta-
tions. Introducing learning can be particular helpful in improving the model’s pre-
dictions in the labour market.

1. The Model

In this Section, we describe the standard growth model with both neutral and biased
technologies. The economy is populated by a continuum of infinitely lived and iden-
tical households. The representative household is endowed with a unit of time. The
household derives utility from consumption and leisure, with the utility function

S L )
E() In Ct — , 1
=0 L+n

where C, denotes consumption, L, denotes labour hours, ff € (0,1) denotes the
subjective discount factor and E, denotes an expectation at the initial time 0.

The economy is also populated by a continuum of identical, perfectly competitive
firms. The representative firm has access to a constant returns to scale technology
represented by the production function

Y, = Ktl:lx(ZtLt)“v (2)

where Y, denotes output, K, ; denotes capital input and L, denotes labour input. The
term Z, denotes the neutral technological change and follows the stochastic process

Z, = ;Livtv (3)

where 4, is the trend component and v, is the stationary component that follows the
AR(1) process

Inv, =p,Inv,_1 + &. (4)

The persistence parameter p, € (0,1] and the shock ¢,, is a white noise process with
mean zero and variance ¢>. The shock process specified in (3)-(4) implies that, if
0 < py, < 1, then the neutral technology follows a stationary stochastic process with a
deterministic trend; if p, = 1, then the neutral technology follows a random walk
process with a drift.”

The economy has an initial stock of capital denoted by K. Capital stock evolves over
time according to the law of motion

K =(1-0)K-1+Ql, (5)

% In the case with py, =1, we have 7, = /livl and v, = v, exp (&,), or equivalently, Z, = Z,_14, exp (&,,).
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where K, denotes the period-¢ capital stock, I, denotes investment, Q, denotes the
investment-specific technological change (the inverse of the relative price of
investment goods) and the parameter 6 € (0,1) denotes the capital depreciation rate.
As argued in Greenwood et al. (1997), the investment-specific technological change is
an important driving force of US growth in the post-war period. Similar to the neutral
technology, we assume that the investmentspecific technology shock Q, follows the
stochastic process

Qt = ;“f]/'ttv (6)

where 7, is the trend component and g, is the stationary component that follows the
AR(1) process

ln :ut = p;l ln Nt—l + 'g,ul~ (7)

The persistence parameter p, € (0,1) and the innovation term ¢, is a white-noise
process with mean zero and variance O'l%. Again, our specification of the Q, process here
nests the random-walk process as a special case with p, = 1.

The aggregate resource constraint is given by

C+1 =Y. (8)

2. Equilibrium Allocation and Balanced Growth

Since the model economy has perfect competition and no externality, the First Welfare
Theorem applies. Thus, the equilibrium allocations are Pareto efficient and can be
found by solving a social planner’s problem.

The social planner maximises the representative household’s utility (1) subject to the
resource constraint (8) and the capital law of motion (5). The first order conditions
imply that

LT = aY,/ G, 9)
_ o G _ Y
= ﬁEt{QH-l Cit1 [1 O Qa(l =) K, } } (19)

On the balanced growth path, C, I,and Y, grow at the same rate of )LZ/IE;*“)/ * while the
capital stock K, grows at a faster rate of )vzi}/ *. We define the following stationary
variables*

f—— Y -G __j_ I g K
l ZtQt(Hg)/a’f Zth(lfx)/a’t Zer(lfx)/a’t ZtQtl/a'

* An alternative approach to induce stationarity in the model is to detrend the variable by its deterministic
trend. For instance, one can define X; = X[/ZL, where X, € {V,C,I,K;} and A,is a function of 2, and 4, Our
approach has an advantage in that it nests the model with stochastic trends (e.g., random walk processes) as a
special case while the other approach does not.
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Given these stationary variables, we can rewrite the equilibrium conditions (2), (5),

(8), (9) and (10) as
_ Zt 1—o Qj (170{)/0{_ s
Yt(Zt—1> (m) - Kt—l Lt7 (11)

() o ()
K, ) (1 -0OR +1] ) 12
"Zi Qi1 ( Kot "Zi Q1 (12)
LT = 0¥,/ G, (14)

A 1/2 7
1=pE,|(1-09) & 4 < % ) +(1—a) G Yin) (15)

Cii1 Zisr \ Q41 C1 K

Denote /lkE)»z)v;/“. It follows from the above conditions that the steady state
equilibrium can be described by the following equations

A Y = K'Y, (16)
I 1-0
h=—==1— ; 17
=z T (17)
C+I=7Y, (18)
ELVY = aY )/ C, (19)

Y B =9)
MR T RI=) [l p ] (20)

where f’, C~'7 I and K are the steady state values of l?t, ét, I, and K,. The consumption —
output and investment — output ratios can derived from the above steady state

conditions:
L = (1-0)
b= = ey 2
C )
Cy = ? = 1 — Z)" (22)

Log-linearising the equilibrium conditions (11), (12), (13), (14) and (15) and re-
arranging the terms, we obtain the following five equations describing the production
function, the law of motion for capital accumulation, the resource constraint, the
optimal consumption-labour-supply decision and the optimal investment decision:
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51— ol + (1—2) @ A, + Am) — (1= )1, (23)
by — ity + (1= i) (0 Ay, + AV,) = (1 — i)k, (24)
66+ iyi = i, (25)

o=+ (1+n), (26)

ﬁ(l—oc)y;l%—é—k[l—ﬁ(l—ac)yk] p'uil,a +(p—l)f) =
kRt t o t M t (27)

B —a)a — 1E &1 + (1 — O‘)ikEtZt+1’

where A is the first difference operator (e.g., Az =z — z_1), the notation %,

denotes 1n)2, — InX for X= C,LY Kor InX,— In Xfor X=1, i, Cys inanEi Vi

are steady-state ratios defined in (17), (22), (21) and (20), and ¢ = C/K is

derived as

aB(1 = )
Ak '

DEFINITION 1. Admissible values of the deep parameters are f € (0,1), n > 0, a € (0,1),
0€[0,1], 2. > 1 and 2, > 1.

B —o)(a+1) =1~ (28)

In the literature, dynamics are often simulated for a particular set of
admissible values of the deep parameters by numerically solving the rational-
expectations equilibrium system given by the above conditions. We shall
show, however, that the equilibrium characterised by (23)-(27) can be solved
analytically for all admissible values of the deep parameters. The crucial
step is to derive a stochastic process for capital, as stated in the following
proposition.

ProPOSITION 1. The equilibrium solution for capital satisfies the following second-order sto-
chastic difference equation.:

ke =71 Eiket + yoki + Ve Vet Vet + PyeVio1s (29)

where the coefficients y1, Yo, V1, Vi, Yu2 and yyo are reported in Appendix A. Further, as we show
in the Appendix, the structural parameters (which are functions of the deep parameters) satisfy the
restrictions that y; > 0, yo > 0 and y; + yo < 1.

Proof. See Appendix B.

Proposition 1 is the key to obtaining all of our theoretical results, as is shown in the
next Section.
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3. REE vs. SCE: Theoretic Results

In this Section, we derive the closed-form solutions for both the REE and the SCE. The
key is to solve (29); the solution depends on how agents form expectations of the
endogenous accumulation process of capital. Once this solution is obtained, it is
relatively straightforward to derive the closed-form solutions for the other variables,
which are reported in Appendix A.

For the REE solution, we have the following result.

ProproSITION 2. The solution to the second-order differential equation (29) under the
rational expectations assumption is

lgt = ak;\tfl + b{)t + Cﬂt + d{)t71 —+ eﬂt_], (SO)

1—/1—4y17 b— 71d+ 70 et

a= = , 6= ,
1—(p, +a)n 1—(p,+a)n

where

2y, ’
d — Vo o= y;l? )
I—7ya I —7a

Furthermore, this solution is stationary and unique.

Proof. See Appendix C.

If we replace the capital-accumulation Euler equation (27) by the closed-form
expression (30), the system of equations (23)—(26) and (30) constitutes a reduced-form
solution to the rational-expectations model.

Given the shock processes and an initial condition for capital (30) gives the dynamic
solution for capital. For a comparison with the SCE solution, this dynamic solution can
be expressed as

ke = bews + ceus+ > (Bbi+ dbioy )ews i+ Y (c6; + eci1)euii, (31)
: —

i=1 i

where for all ¢ > 0,

i aitlt — pitl
b = Z a'Jpl, while if p, # a then b; = TV;
]':0 pv
i aitl — pitl
¢ = a’pl, while if p, # a then ¢ = £
=0 = Py

We now assume that agents have adaptive expectations. We follow Marcet and
Nicolini (2003) and Sargent et al. (20064) to replace E k1 by E k1 such that

Ezlghtl = Br

Agents update their beliefs B, using the following constant-gain learning (CGL)
algorithm:
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Bo=Bir + glhr = Bioy), (32)
where 0 < g < 1is a gain representing how fast past observations are discounted in the
learning regression.

The dynamics of k, produced by (29) under the above learning algorithm (32) follow
the process

ki =71 B, + okt + p ¥ + Vbl + VeVt + Yokl - (33)

In self-confirming equilibrium, beliefs are not contradicted by observations along the
equilibrium path (Sargent, 1999). To find an SCE is to solve a fixed-point problem. For
our model, the solution to the SCE is to find the fixed point f that solves the ortho-
gonality condition

E[k(B) - B| = o, (34)

where E() is a mathematical unconditional expectation operator and k, itself is a
function of the belief f§ in self-confirming equilibrium such that

k(B) = 1B+ poki1 (B) + 71 + Vbl + PveVir + Yokt

PROPOSITION 3. As g — 0, the belief sequence {,f?,} in (32) converges weakly to the unique
and stationary SCE given by f = 0 for all admissible values of the deep parameters.

Proof. From (33) one can see that k is a function of current and past beliefs and
fundamental shocks. We denote this function as x() such that

}ét = K(ﬂt’ﬁt—l""7vt7vt71""7#t’#t—17"')'
Denote
k(ﬁta ﬁtfh e Vi Vil e My By - - )
= K(ﬁt?ﬁt—l? e Vi Vil ey By By - - ) - Bt'
We can then rewrite the CGL algorithm (32) as
B[ = Bl*l + gk(ﬁnﬁz—h ey Vi Vi1 e nulnu[fl) . ) (35)

To prove that (34) holds at B = 0 and the fixed point ﬁ = 0 is unique, we denote the
left-hand-side term in (34) by

G([j) = Eﬁ(ﬁ,ﬁ,...,vt,vt_]’...,'Lll,'ulil,...).

Under our assumptions, it follows from Kushner and Yin (1997) that as g — 0, the
beliefs 8, in (35) converge weakly to the solution of the ordinary differential equation
(ODE)
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One can further show that

G(p) = (M)ﬁ

1=y,

Since y; > 0, 79 > 0, and y9 + y; < 1, the ODE has a unique fixed point atB = 0. The
ODE is stable since (yo + y1—1)/(1 — 79) < 0.

As one can see from Proposition 3, the SCE is exactly the same as the rational
expectations steady state. Since an SCE is a limit of adaptive (learning) dynamics, it is
important to characterise these dynamics and to study whether they are significantly
different from dynamics under rational expectations. We rewrite the stochastic pro-
cesses (32) and (33) as

Ziz _ 1-¢ g BAF 0 0]{0[} [O 0}{\%1}
|:kt:| {(1—8”)“/1 V2+g3’1][kt11]+{3’v1 Y | | i * Mo Vue | [ Be1 ] (36)

Given the initial belief B,l, the initial capital stock Ig,l, and the shock processes,
the bivariate autoregressive process (36) determines the belief and capital dynamics
jointly; then, (23)—(26) in Section 2, or (Al)-(A4) in Appendix A, determine the
dynamics of investment, labour, output and consumption. Clearly this learning
model is linear and consequently the impulse responses do not depend on initial
conditions. In Section 5, we discuss an alternative learning rule that nests the
rational-expectations solution and show that the results do depend on initial
conditions and the size of the gain.

We now provide a result showing that the linear system represented by the above
learning model is stationary.

PrROPOSITION 4. The learning dynamics, described by (23)—(26) and (36) forg € (0,1), are
stationary for all admissible values of the deep parameters.

Proof. Given (Al)-(A4) in Appendix A that characterise the dynamics of investment,
labour, output and consumption as a function of I%t, it suffices to show that (36) is a
stationary process. The two characteristic roots of the 2 x 2 coefficient matrix of [},71
and k_; on the right-hand side of (36) are

; (1—g+“/2+gvl)—\/(1—g+V2+gV1)2—4(1—g)V2
1 = Y
2

, (=g +75+ gt/ (1 g+ 75+ ) —4(1 - g
2: .
2

Since y; > 0,92 > 0 and y; + 79 < 1 for all admissible values of the deep parameters,
it follows that both A; and Ay are real numbers and for any g € (0,1), 0 < A< Ao < 1.
Hence, the adaptive process for {f3,, k}, given by (36), is stationary.
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Proposition 4 implies that the learning dynamics studied in this article remain in the
domain of attraction of the SCE (the rational expectations steady state) and thus the
probability of escapes from the SCE is very small.

To assess how different the learning dynamics differ from dynamics under rational
expectations, we derive the belief and capital dynamics under the CGL as

(1—=A4L)(1 - /12L)/§t = g(V\rlfjt*I + Pty + V2 + Vy?ﬂt—2)7 (87)
(1 - }'IL)(I - AQL)E = [1 - (1 - g)L} (yvl()t + ,Vul:at + Vv?f)ffl + V;l?:at—l)v (38)
where L is the lag operator. It follows from (37) that
. =0
b _gzz;ll Jo (V”p‘ Euimi P Py i

i i
+790, ]Sv,tflfi + V2P y ]8,14,#172‘)-

This can be simplified to

. 00 i /’{l i—1 /’\L] _ /’{] o
Bt = g’yvls\’,lfl + gz v ())vl + /Llpl ) Z%ﬁpti] 8"-,1*2'

A
=2 j=1 71

e A =2 . W =2
+~s,+§~—+( + ) AT
8V éui—1 T 8§ 2 [/,u PR Yl Vuzpu = 1/11 _;2 P, 10,
If p, # /4y or e, and p, # A, or Js, then it simplifies further to

. 00 )ViJrl o ié+1
— &y + LV S— S
ﬂt 8Vv18v,1-1 gz v }v] . /’{2

=1

o A —pl do I —pl
+(pv/v] + /v?) (}v _ ;L? /11 —p, l] — 12 ;LQ -, Ey1—1—i

2 g
+ Gt 1+gZ T

P A L9

" /Il o " /ul PN
A1 1~ Py Ao 9~ Py
1 VY, — wt—1—i- 40
Hpﬂ”ﬁ“”ﬁ”(m—;Lgil—p/, i —ladg —p, ! (40)

On the other hand, we can compute the rational expectations from (31) as

Etl;H»l = [b(d + p‘,) + d]sv,t + [C(d + p'u) + e] Sut

+ Z(bbl‘+1 + dbi)ﬁvﬁt_i + Z(CQ-H + eci)eﬂﬁt_i. ( )

=1 i=1

A comparison of (40) and (41) shows tpat, although the SCE is the same as the steady
state REE, the dynamics of the beliefs f, can be different from the dynamics of the

© The Author(s). Journal compilation © Royal Economic Society 2009



2009 ] ADAPTIVE EXPECTATIONS 387

expectations E,J%Hl. These differences lead to quantitatively important differences in
the dynamics of other macroeconomic variables, as we show in the next section.

4. REE vs. SCE: Transmission of Technology Shocks

We now analyse the transmission mechanisms of the model under both rational and
adaptive expectations. We discuss simulated results based on a few sets of parameter
values but the quantitative differences between learning and rational expectations
dynamics exist for a wide range of values. The model parameters include f, the sub-
jective discount factor; o, the labour share of income; J, the capital depreciation rate; 7,
the inverse Frisch elasticity of labour supply; 4, and iq, the average growth rate of the
neutral and biased technologies; &, the weight parameter in the preferences for leisure;
Pvs P> Oy, and ¢, the parameters controlling the shock processes, and g, the constant
gain in the learning process.

4.1. Benchmark Parameter Values

Table 1 summarises the benchmark parameter values that we use for our simulations.
The model that we have in mind has a quarterly frequency. We set o = 0.7, corre-
sponding to a labour income share of 70%. We set 4, = 1.008 such that the investment-
specific technology grows at an annual rate of 3.2%, as suggested by Greenwood et al.
(1997). We set 4, = 1.0016 such that, given our value of 4, and «, real per capita GDP
grows at an annual rate of 2% on the path of balanced growth.” We set § = 0.03, so that
the annual depreciation rate of capital is 12%. We follow the business cycle literature
and set § = 0.99. We use a value of ¢ = 3.17 so that the steady state working hours are
about 1/3 of the representative agent’s time endowment. We follow Hansen (1985)
and Rogerson (1988) and assume that labour is indivisible, implying that 7 = 0. For the
parameters in the shock processes, we set p, = p,, = 0.95, ¢, = 0.01, and ¢, = 0.005.
These standard-deviation values are consistent with the estimates in the empirical
literature (Liu et al., 2008). Finally, we set the gain g= 0.05 in the learning process.
This value is in the range of empirical estimates found in Sargent et al. (2006a). We
have also experimented with other gain values and find that, under our benchmark
learning rule (32), the results do not change much.

Table 1
Benchmark Parameter Values

Preference p=0.99 n=20 £ =317
Labour share =07

Capital Depreciation 0 =0.03

Neutral Technology A, = 1.0016 py = 0.95 g, = 0.01
Biased Technology 24 = 1.008 pu=0.95 a, = 0.005
Learning Gain g=10.05

5 . . . 7 2(1-a)/a
The average growth rate for output in the model is given by 4.4, .
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To understand the role of introducing learning in transmitting the two types of tech-
nology shocks, we examine the impulse responses of macroeconomic variables in the
model to each shock.

4.2.1. Neutral technology shock
Figure 1 displays the impulse responses of several key macroeconomic variables,
including output, consumption, investment, the real interest rate, labour hours, the

Responses to a Neutral Technology Shock: RE vs. Learning

Output x 1073 Consumption
0.025 SN
0.02 {1 6/ ~==
0.015 | 4f T T
| ~ —
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4 8 16 25
Investment Real interest rate
0.1 j \
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\ \
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Fig. 1. Benchmark Model: Impulse Responses to a One-standard Deviation Neutral Technology Shock
Notes. The solid line represents the responses under rational expectations. The dashed line represents

the responses under adaptive expectations.
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real wage, the expectation (or the belief) of the next-period capital and the current-
period capital stock, following a positive one-standard-deviation shock to the neutral
technology under our benchmark parameter values. The solid lines represent the
responses under rational expectations and the dashed lines represent the responses
under adaptive expectations.

The responses of aggregate variables to a neutral technology shock in the rational
expectations model should be familiar to a student of real business cycle studies. As the
solid line in the Figure shows, output rises on impact and declines gradually. Con-
sumption, investment, hours, the real wage and the real interest rate all co-move with
output. In the impact period, consumption responds less and investment responds
more than does output. These patterns of responses are consistent with the stylised
facts about business cycles.

A well-documented difficulty facing the standard RBC model with rational
expectations lies in the labour market dynamics (Christiano and Eichenbaum, 1992).
The RBC model typically fails to generate the observed large responses of labour hours
and small responses of the real wage following a neutral technology shock. In the RBC
model, a positive neutral technology shock raises the demand for labour at any given
real wage so that the labour demand schedule shifts out, creating a substitution effect.
Thus, holding the labour supply schedule unchanged, the substitution effect drives up
both hours and the real wage. In the mean time, since the shock is persistent and
therefore raises future productivity, it creates a wealth effect that raises current con-
sumption and thus shifts the labour supply curve up. The wealth effect partially cancels
out the substitution effect on hours, rendering the responses of equilibrium hours
small; meanwhile, the wealth effect reinforces the substitution effect on the real wage,
pushing up the equilibrium wage sharply. As shown by Hansen (1985) and Rogerson
(1988), labour indivisibility flattens the labour supply curve and thus magnifies the
substitution effect following the positive neutral technology shock, although the wealth
effect still makes the real wage rise sharply.6 As is evident in Figure 1 and in Table 2,
the model with rational expectations implies that the initial response of hours is about
67% of that of output and the magnitude of the real wage response about 33% of that
of output response. Indeed, as shown in Table 2, in the rational expectations model,
the cumulative responses of hours at longer forecasting horizons (from 4 quarters to 24
quarters) are less than 58% and those of the real wages are more than 42% relative to
the output responses.

Introducing learning helps to alleviate some of the problems for the RBC model,
especially for the labour market variables. The dashed lines in Figure 1 display the
impulse responses of the aggregate variables in the model with adaptive expectations
following a positive neutral technology shock. As in the rational expectations model,
the shock raises the demand for labour at any given wage and this substitution effect
leads to a rise in both hours and the real wage. Unlike the rational expectations model,
however, the wealth effect is dampened because agents form expectations about
future productivity and capital based on past observations. Consequently, on impact,

® If the Frisch elasticity of labour supply is small (i.e., if  is large), as the micro evidence suggests, the
labour supply curve would be steep and the substitution effect would be small. Consequently, the response of
hours would be smaller and the response of the real wage would be even larger than in the model with
indivisible labour.
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Table 2

Cumulative Responses of Labour Market Variables Relative to Output Following the Neutral
Technology Shock: Benchmark Parameters

Rational expectations Adaptive expectations
Forecast Horizon Hours Real wage Hours Real wage
1 quarter 0.67 0.33 1.05 0.05
4 quarters 0.58 0.42 0.71 0.36
8 quarters 0.49 0.51 0.58 0.61
16 quarters 0.35 0.65 0.53 0.83
24 quarters 0.30 0.74 0.52 0.93

consumption does not rise as much and thus the labour supply curve does not shift as
much as in the rational expectations model. By dampening the wealth effect of the
shock, the learning mechanism leads to a greater response of equilibrium hours and a
smaller response of equilibrium real wage than those in the rational expectations
model. Table 2 confirms these findings: in the model with adaptive expectations, the
cumulative responses of hours relative to output for all forecasting horizons (up to 24
quarters) are much larger while the cumulative responses of the real wage relative to
output are, at least in the short run (up to 4 quarters), much smaller than those in the
rational expectations model.

To the extent that some other frictions such as habit formation can also slow down
the adjustment in consumption, one might wonder whether or not habit formation can
help to alleviate the labour market puzzle as does our learning mechanism. Lettau and
Uhlig (2000) show that habit formation slows down the adjustments of consumption
for all periods, not just for the current period. As the agent desires slow adjustments of
consumption in all future periods, he does not want to work hard in the current period
to accumulate capital. Thus, a positive neutral technology shock leads to a small in-
crease in hours and a large increase in the marginal product of labour and the real
wage. In this sense, introducing habit formation can actually deepen the labour market
puzzle. In contrast, the model with adaptive expectations that we consider here con-
tains a very different propagation mechanism and helps to alleviate the labour market
puzzle.

Introducing adaptive expectations in the model also helps to amplify the responses
of other aggregate variables. As shown in Figure 1, under adaptive expectations, the
sharp rise in hours following the positive productivity shock leads to a sharp rise in
output. As consumption does not change much on impact, investment rises sharply.
The amplified response of investment implies amplified responses of the capital stock
and the beliefs of future capital stocks relative to the rational expectations model.

In summary, following a neutral technology shock, introducing learning amplifies
the response of hours and dampens the responses of the real wage. Furthermore,
learning helps to amplify the effects of the neutral technology shock on output,
investment, and capital.

4.2.2 Biased technology shock
There is a large literature on the macroeconomic effects of investmentspecific tech-
nology shocks in the context of rational-expectations. Examples include Greenwood
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et al. (2000), Krusell et al. (2000), Fisher (2006) and He and Liu (2008). In this Section,
we examine the effects of biased technology shocks in the context of adaptive
expectations.

In Figure 2, we plot the impulse responses of the same set of macroeconomic vari-
ables following a positive one-standard-deviation shock to the biased technology. In
both the rational expectations model (solid lines) and the adaptive expectations model
(dashed lines), the shock leads to a rise in output, investment, hours, capital stock and
the real interest rate, and a short-run decline in consumption and the real wage.

As the biased shock raises the efficiency of investment, current investment becomes
cheaper relative to consumption. Thus, this type of shock, unlike the neutral tech-
nology shock, shifts resources from consumption to investment. Consequently,
investment rises and consumption declines for several periods. The decline in
consumption shifts the labour supply curve down. Since the neutral technology stays
unchanged and aggregate capital stock is predetermined, the labour demand curve
does not shift. Thus, the downward shift of the labour supply curve lowers the real
wage and raises equilibrium hours. The rise in labour hours helps to produce more
output and raise the marginal product of capital, so that the real interest rate rises
as well. This mechanism operates under both rational expectations and adaptive
expectations.

The patterns of the impulse responses following a positive biased technology shock are
broadly consistent with the empirical evidence provided by Altig et al. (2004), except that
consumption and the real wage in the model do not co-move with output whereas
consumption is weakly procyclical and the real wage is acyclical in the data based on
VAR studies. The lack of co-movement in the model is not surprising since Barro
and King (1984) show that the standard one-sector growth model can generate
co-movement only in the presence of contemporaneous total factor productivity
shocks (i.e., the neutral technology shocks in our model). It is possible to fix the co-
movement problem by introducing several sources of frictions in the model; see, for
example, Jaimovich and Rebelo (2008). We do not introduce other frictions because
we would like to isolate the role of learning, which itself acts as a friction, in
propagating technology shocks.

The main difference between the learning model and the rational expectations
model is that, with learning in place of full rationality, agents do not perfectly foresee
the increase in the future level of investment technology. They respond to the persist-
ent shock as though it had only a temporary effect. The wealth effect is thus dampened
and the intertemporal substitution effect strengthened. Consequently, in the learning
model, the biased technology shock leads to a greater rise in investment and a greater
decline in consumption than that in the rational expectations model. The sharp
decline in consumption amplifies the decline in the real wage and the rise in hours.
The amplified increase in hours in turn leads to a sharp rise in output and thus in the
real interest rate. These patterns are shown in Figure 2.

In summary, introducing learning can substantially amplify the responses of all the
aggregate variables following a biased technology shock. Overall, relaxing the
assumption of perfect rationality helps to give a larger role to both neutral and biased
technology shocks in shaping business cycles.
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Responses to a Biased Technology Shock: RE vs. Learning
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Fig. 2. Benchmark Model: Impulse Responses to a One-standard Deviation Biased Technology Shock
Note. The solid line represents the responses under rational expectations. The dashed line represents
the responses under adaptive expectations.

4.3. Less Persistent Shocks

Since the transmission of the shocks in the model with adaptive expectations works
through the muted wealth effect, the quantitative importance of learning should de-
pend on the persistence of the shock. To understand to what extent the propagation
mechanism in the learning model depends on the persistence of the shocks, we con-
sider the case with less persistent shocks. In particular, we set p, = p,, = 0.7 (instead of
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0.95) and compute the impulse responses following each of the two types of technology
shocks.

Figure 3 displays the impulse responses of the key macroeconomic variables to a
positive one-standard-deviation shock to the neutral technology.” The responses under
rational expectations are denoted by the solid lines and those under adaptive
expectations are denoted by the dashed lines. Since the shock is less persistent, the
wealth effect is weaker so that, in the rational expectations model, the rise in
consumption is smaller and the rise in hours is larger than that under the benchmark
parameter values. With the less persistent shock and the weaker wealth effect,
introducing adaptive learning dampens the response of the real wage and amplifies the
responses of other aggregate variables but to a lesser extent than in the benchmark
case. These results are evident by comparing Figure 3 with Figure 1.

Moreover, with the less persistent shock, the responses of both consumption and the
real wage display a clear hump shape; the responses of investment, hours and the real
interest rate all display an inverted hump shape; output rises in the impact period and
declines monotonically thereafter. Under adaptive expectations, the representative
agent is backward looking when forming expectations. In the impact period, the wealth
effect of the shock is muted; the intertemporal substitution effect induced by the rise in
the real interest rate makes consumption more expensive and saving more attractive.
Thus, in the short run, consumption rises by less and investment rises by more than in
the rational expectations model. Over time, however, the agent learns about the wealth
effect of the positive technology shock while the intertemporal substitution effect
becomes weaker as the real interest rate goes back to its steady state. Thus, consump-
tion rises further before it begins to decline back to the steady state. The rise in
consumption shifts the labour supply curve up and thus lowers labour hours and raises
the real wage. As consumption climbs to its peak over time, hours and investment fall to
the trough and the real wage rises to the peak. Since output falls back to the steady state
over time, consumption, investment, and hours return gradually to the steady state.

In summary, with less persistent shocks, the wealth effect in the rational expectations
model becomes weaker and accordingly the amplification effect of adaptive expecta-
tions become weaker as well. The adaptive expectations model generates pronounced
hump-shaped responses while the rational expectations model does not.

5. An Alternative Learning Rule

One interesting question is whether our main findings hinge on the particular learning
rule (32). There are many alternative learning mechanisms, such as least-square learning
(Evans and Honkapohja, 2001), Bayesian updating through Kalman filtering (Sargent
and Williams, 2005) and signal extraction when agents are confused between shocks to
the level or to the growth rate of the technology (Edge et al., 2007). We focus on one
particular constant-gain learning rule that has the same specification as the rational
expectations solution (30). Specifically, we replace Et}gpr] by Et}%prl such that

7 To conserve space, we do not report the impulse responses following the biased technology shock here.
The responses are qualitatively similar to those in the benchmark model, although the amplification effects of
learning become smaller as the shock is less persistent than that in the benchmark model.
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Responses to a Neutral Technology Shock: RE vs. Learning
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Fig. 3. Benchmark Model with low Persistence of the Shock: Impulse Responses to a Neutral Technology Shock
Notes. The solid line represents the responses under rational expectations. The dashed line represents
the responses under adaptive expectations.

N N
Eiki1 = X, %115
where

Agents update their beliefs a,, |, using the following recursive algorithm:
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o) = -1 + gHX -1 (ét - ’A‘/tq“t\t—l)a (42)
H' =H | +g(% 1%, —H)). (43)

As g— 0, the equilibrium under this adaptive learning approaches the rational
expectations equilibrium and is therefore E-stable in the usual sense of Evans and
Honkapohja (2001). Unlike the benchmark learning rule studied in Section 3, this
alternative rule is updated nonlinearly and thus short-run dynamic results can be quite
different for different initial conditions. This point is discussed in Carceless-Poveda and
Giannitsarou (2007). One particular type of initial conditions studied by Carceles-
Poveda and Giannitsarou (2007) is to generate the initial data, {Xo,...,X,}, from the
equilibrium solution to the rational-expectations model.® The initial conditions can
then be computed as

to—

1
y—1l—s~ 1
%y i1l = Hyg Z(l )" Kk,
s=0

>
L

H'=g) (1-9" %%,

Il
o

§

With these initial conditions, one can update the beliefs recursively according to (42)
and (43). We simulate the model under the benchmark parameter values summarised
in Table 1 and we also examine the sensitivity of the learning equilibrium to changes in
the initial conditions and the size of the gain parameter.

When the gain is small and the initial data set is large, the differences between the
dynamics under learning and those under rational expectations tend to be very small.
Figure 4 displays an example of impulse responses to one-standard-deviation neutral
technology shock with g = 0.001 and ¢ = 10000. As the Figure shows, the learning
model and the rational expectations model generate quantitatively similar responses.
This result is consistent with the findings in Williams (2003) and Carceles-Poveda and
Giannitsarou (2007). In a recent paper, Eusepi and Preston (2008) show that learning
can nonetheless amplify the dynamic responses if one relaxes the standard assumption
that agents use only one-period ahead forecasts to form their beliefs.

We argue that even with the standard learning mechanism (42)-(43), different gain
values or different initial conditions can produce qualitatively different impulse re-
sponses. In this Section we focus on cases where adaptive learning under this sophis-
ticated rule can amplify the dynamic responses of aggregate variables to a neutral
technology shock, generate negative responses of hours and produce procyclical
movements of consumption and output.”

As the gain parameter increases, the sophisticated learning rule can amplify the
dynamic responses to a technology shock in the same magnitude as does the simple
learning mechanism studied in Section 4. Figure 5 displays such an example, where
we set ¢ = 0.05 and { = 10,000. As one can see, the impulse responses under our

8 With imperfectly rational agents, it seems logically incoherent to generate the initial data. Nonetheless,
we follow this approach in the literature to make our work comparable.

? To conserve space, we do not present the impulse responses following the biased technology shock under
the alternative learning rule. These results are similar to those displayed in Figure 2.
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Responses to a Neutral Technology Shock: RE vs. Learning
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Fig. 4. Model With Alternative Learning Rule (g = 0.001 and t, = 10,000): Impulse Responses to a

Neutral Technology Shock

Note. The solid line represents the responses under rational expectations. The dashed line represents

the responses under adaptive expectations.

alternative learning are qualitatively similar to those under the benchmark learning

rule shown in Figure 1.

It is important to note that the dynamics under nonlinear learning are in general
sensitive not only to changes in initial conditions and the size of the gain, as found by
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Carceles-Poveda and Giannitsarou (2007) but also to changes in some of the deep
parameters.10 Consider a case with a smaller sample of initial data (# = 100 instead of
10,000) and with a smaller Frisch elasticity of labour supply (1 = 2 instead of 0). Figure 6
shows the impulse responses to a positive neutral technology shock in this case. The
results reveal that the learning model is capable of generating negative responses of
labour hours following a neutral technology shock even in this one-sector growth model
that abstracts from other frictions such as habit formation and investment adjustment
costs considered by, for example, Francies and Ramey (2005). In response to the neutral
technology shock, consumption rises more and output rises less in the learning model
than in the rational-expectations model. The sharp rise in consumption shifts the labour
supply curve up so much that the real wage rises sharply and the hours fall. In the mean
time, the sharp rise in consumption and the modest rise in outputleads to a smaller rise in
investment than that in the rational expectations model.

The most interesting result is that hours can decline following a positive neutral
technology shock in the learning model, whereas the responses of hours are always
positive under rational expectations. Recent empirical work has documented evidence
in favour of negative responses of hours to a positive neutral technology shock (e.g.,
Gali (1999) and Basu et al. (2006)). Learning, serving as a friction, is capable of gen-
erating the responses of investment and hours similar to Francies and Ramey (2005),
where investment-adjustment costs and habit are introduced into a standard real-
business-cycle model as alternative frictions.

In summary, the exercise in this Section shows that the sophisticated learning rule
has much flexibility to amplify the effects of technology shocks and produce qualita-
tively different transmission mechanisms than does the rational-expectations model.
Since this learning mechanism is nonlinear, not only changes in initial conditions and
the size of the gain can alter the equilibrium dynamics, changes in the size of shock
variance can also affect the dynamics considerably. In future work, therefore, we would
like to estimate the initial conditions, the variances, and the gain parameters along with
other model parameters, as proposed in Sargent et al. (20060).

6. Conclusion

We have studied a standard stochastic growth model with adaptive expectations in
which beliefs are decoupled from decision rules. For the benchmark learning rule
studied in Marcet and Nicolini (2003) and Sargent et al. (2006a), we have established
that there exists a unique, stable SCE in our learning model and that the SCE is the
same as the steady state REE. In contrast to the existing literature, however, we have
shown that the learning model can generate substantially different dynamics from
those implied by the rational expectations model. These differences are not driven by
escape dynamics.

% Our sophisticated learning rule is similar to the one studied by Carceles-Poveda and Giannitsarou
(2007), who also examine the role of learning in a stochastic growth model. As in Carceles-Poveda and
Giannitsarou (2007), we find that the dynamics are sensitive to changes in the initial conditions and the size
of the gain. Different from Carceles-Poveda and Giannitsarou (2007), we focus on the model’s ability to
generate plausible labour market dynamics, whereas Carceles-Poveda and Giannitsarou (2007) assume in-
elastically supplied labour.
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Fig. 5. Model With Alternative Learning Rule (g = 0.05 and ty = 10,000): Impulse Responses to a
Neutral Technology Shock
Note. The solid line represents the responses under rational expectations. The dashed line represents
the responses under adaptive expectations.

It is known that technology shocks in the standard growth model do not generate
enough fluctuations in key macroeconomic variables such as hours and output.
Introducing learning in the growth model dampens the wealth effect. This muted wealth
effect, coupled with the strong intertemporal substitution effect, amplifies the responses
of macroeconomic variables and can make dynamic responses hump-shaped. These re-
sults hold true with a more sophisticated learning rule under certain initial conditions.
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(n = 2): Impulse Responses to a Neutral Technology Shock
Note. The solid line represents the responses under rational expectations. The dashed line represents
the responses under adaptive expectations.

Our results suggest that the learning mechanism is flexible enough to generate some
realistic features in a simple one-sector growth model. Our findings also suggest that, to
gauge the full potential of the learning mechanism in propagating the shocks in the
growth model, one would need to jointly estimate the initial conditions with the gain
parameter and other deep parameters. We hope our work helps to motivate future
empirical studies on the importance of learning.
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Appendix

A. Analytical Solution

The coefficients in (29) in Proposition 1 are defined as:
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The steady state ratios such as ¢, and 7 have been derived in Section 2. One can verify that, for
all admissible values of the deep parameters, that is, for any f € (0,1), n > 0, « € (0,1),
0 € [0,1], 4, > 1,and Z, > 1, all the steady-state ratios are well-defined and positive, and so are

71 and ye.

The closed-form solutions for investment, hours, output and consumption are derived as the

the following system of equations under either rational or adaptive expectations:
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It is clear how the equilibrium can be solved. Once the solution for capital is obtained, as shown
in Section 3, (Al) can be used to solve for investment, (A2) for labour, (A3) for output, and (A4)
for consumption.

B. Proof of Proposition 1

By successive substitutions in (23)—(27), one can derive (29). Specific steps are described below.
We begin by first deriving the following two relations from (25) and (26):

=i — (1 +n)cils, (AD)
& =i — (1+n)yid. (A6)
Substituting (A5) into (23), we get:
b= [+ ma+all+ (1 — 2k — (1— 2)A¥, — (1 - “) Al (A7)
Substituting (A7) into (24) yields
ke = [(1+n)a + ei)dy + (1 — o) by — (1 — o) A, — (l%’”k) Al (A8)

Substituting (A6) and (A7) into (27) yields
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It follows that
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Substituting (A10) and (All) into (A9), and rearranging, we get
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Further simplifying, we get

—(1-2)

ke = VlEtEtﬂ + Vgétfl + Xf71E¢A§t+1 + XfﬁoA{)t + XZ"lEtA.atJrl + Xﬁ,oA/:‘m
where

- B —o)(ee+1)+n
P =)o+ DI+ 1+ m)a] + (1 — o) + (1 — o+ 1)

(1 — o) (X +mye + (1 — o+ n)(1 — 4)
B —a)(a+ 1)1+ (1 +n)a] +n(l —ai) + (1 —o+1n)

Yo =

= (B — o) (e + 1) — 1[(1+m)ex + 1]+ (1 +1)(1 — o)
B —a)(a+ DI+ (1 +n)a) +n(l — o) + (1 — o+ 1)

(T—o—+n)(c+1)— ony
B —a)(a+ 1)1+ +n)al +n(1 —oi)+ (1 —o+n)

ko
Ty =

Fal = BT = a) (o + DI+ (1 +n)ei] +n(1 — i) + (1 — o+ 1)

K B —e)(ax+1) = H[(A +ma+ 1]+ (1 +n)(1 — xi) (1)

. (1=t n)(a 1) — oy, o)
w0 BA =)o+ D)1+ (L+n)al +n(l —oi)+(1—a+n) \o)

Simplifying further, we have
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l%t = VIEZIEIJrI + "/2}21—1 - Xﬁ,o‘A’t—l + {(Pv - 1)%5,1 + Xﬁ()} ¥y
- Xf{,():&l—l + [(p;z - 1)%21 + Xﬁ,o] JI

which gives the results in Appendix A.

C. Proof of Proposition 2

Because (29) is a second-order differential equation, there are only two solutions. We will show,
next, that one solution is stationary and the other explosive. Thus, there is a unique stationary
solution.

The coefficient @ in (30) takes on one of the following two values:

1= /1 —4p7 “2:1+\/1*4V1V2.

ay =
2y, 2y,

We can verify that y; > 0 and y, > 0 for all admissible values of the deep parameters. We can
further show that y; + y9 < 1l if and only if (1 — 0) < )vz/lg/“, which holds too for all admissible
values of the deep parameters.

Since y; > 0, y9 > 0, y; + y9 < 1, we have y; € (0,1), yo € (0,1), and 4y;yo < 1. It follows that
a; and as are real numbers. Knowing the above ranges for y; and ys, we can in fact show that
a; € (0,1) and ap > 1. We can then verify that (p, + a;)y; < 1 and (p, + @)y: < 1, which imply
that y;4; < 1, and so the solution prescribed by @ = a; above corresponds to a (unique) sta-
tionary rational expectations equilibrium."" Given the initial condition & ; and the driving
processes, (30) completely pins down capital, and then (Al), (A2), (A3) and (A4) determine
investment, labour, output and consumption, respectively. From Proposition 2 on, whenever we
mention REE, we refer to this stationary REE, where we also write a; simply as a.

Vanderbilt University
Federal Reserve Bank of San Francisco and Emory Universily
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